Experiment 9








                                             

   



 Measuring g with a Pendulum
I. Purpose:












The goal of this lab is to design an experiment which uses a pendulum to measure the acceleration, g, due to gravity at the surface of the Earth.  By using knowledge of systematic errors you will be able to arrange the parameters of the apparatus so that the systematic errors are reduced enough that a simple expression may be used to deduce the acceleration due to gravity to an accuracy of 0.1% and by using the propagation of errors, you will choose measurement parameters to ensure that the random errors allow your final value for g to be precise to 0.1%.
II. Equipment









                                                                     


Excel




TakeData program





optical gate



2-meter stick with pointers





pendulum set up


Vernier Caliper

III. Introduction to the pendulum





   
                                                               


You are probably familiar with the theory of the simple pendulum.   For a pendulum, consisting of a weightless string of length L and a massive (mass m), point (zero radius) bob, which swings through an infinitesmal angular range of amplitude of ((0, the period is given by:
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[IX.1]





Fig. III.1 Diagram for geometry of simple pendulum.


A more accurate theoretical description of the behavior of a simple pendulum is presented in Appendix D at the end of this lab manual.  The end result of the calculation is that for a pendulum with a length L (length from support point to the center of the bob), a finite radius bob and swinging through a finite angular range has a period T given by:





[image: image2.wmf]



[IX.2]

Here "a" is the radius of the spherical mass which is hanging on the end of the pendulum, and o is the maximum angle that the pendulum swings out to.


In the curly bracket of equation IX.2 we have terms which contain corrections for the systematic errors in the simpler equation IX.1.   It would reduce the data taking and the analysis of the data, if we could use the simpler equation.   This requires making the systematic errors negligible for the accuracy we need.   So what we want to do is to see if we can adjust the parameters of the apparatus so that the systematic errors become negligible.


To do this it is useful to recall some mathematical results.   If x << 1, then 
[image: image3.wmf] and 
[image: image4.wmf].   Secondly a trignometric result is useful: 
[image: image5.wmf].

QUESTION I. First let us see what we would have to do to reduce to a negligible level the effect of swinging through a finite angle.   Suppose we made the second term in the square bracket of equation IX.2 , 10-4, a factor of 10 smaller than the precision we want for g, which is 0.1% 0r 10-3.   This would help make the accuracy of our result better than the precision we want and lead to the uncertainty in our systematic error being much smaller than the random uncertainties in our measurements.   So let’s try to do it.

Use the trignometric result to express the sin2 term in terms of cos 

Use the diagram next to equation IX.1 to express cos0 in terms of 
[image: image6.wmf].

Expand the quantity inside the square root using the result quoted above and simplify the fraction.

Set the resulting fraction to be less than 10-4.

What does the ratio 
[image: image7.wmf] have to be less than to satisfy this relationship?

Show your result to your instructor

IV. Experiment











Part A: Set up

- Open up an Excel file. Put your name, the date, and your section number in it. 

Take a few minutes to carefully examine the apparatus, and then make a careful sketch of the apparatus in the space below.  Be sure to:





(1) Label all the parts, sensors, etc.  





(2) Draw to scale





(3) Include a scale or size bar





(4) Show your instructor when you are done.

Figure IX.1 Sketch of the pendulum apparatus.
Part B: Designing the Experiment








The Big Picture:. In this part you determine how big you have to make L and how small you have to make X 0 and how precisely you have to measure  L and T in order to determine g to 0.1%

· Measure the diameter of the pendulum bob with the vernier calipers.   From the diameter calculate the radius, a.

QUESTION B1:  Now that you know how big “a” is, use the relationship you derived in Question 2 to find the minimum length for L.

QUESTION B2:  Now that you know the minimum length for L, use the relationship you derived in Question 1, to find the maximum size for X0.

       You should take a look at the apparatus, at the bob and optical gate to see if you think that this X0 is inconveniently too small.   You can always work with a larger X0 by increasing L as long as you obey the relationship you found in Question 1.   


That takes care of the systematic errors and now it is necessary to move on to dealing with the random uncertainties in the measured quantities L and T.  So let’s get on with it.


- Having found a convenient L which keeps the systematic errors small enough to neglect, you should calculate the approximate period, T,  of the pendulum by using equation IX.1 with an approximate value for g and the length L.

QUESTION B3:  Solve equation IX.1 for g.

Using propagation of errors find the expression for 
[image: image8.wmf].

· There are two terms contributing to 
[image: image9.wmf].   Let us look at the term containing L first.


QUESTION B5:  Given the partition that we made in QUESTION B4, the T term must be less 


[image: image10.wmf].   As you know the magnitude of T, how small must 
[image: image11.wmf] be?
Show your result to your instructor.

Part C: Take a data Set










The Big Picture: In this part you measure all of the parameters and find the period.  


DO NOT START THIS PART UNLESS YOU HAVE GONE OVER ALL OF PART B 
WITH YOUR INSTRUCTOR.

· As you know how small 
[image: image12.wmf] must be, we must find out how to achieve the desired accuracy and uncertainty.   There may be a systematic error in your two meter stick.   This needs to be found and corrected for.  Check the accuracy of the 2-meter stick you used by comparing it to the Lab's standard ruler.   Find the correction constant, 
[image: image13.wmf], given by the relation 
[image: image14.wmf].   Estimate the uncertainty in the  you found.   This gives you the uncertainty in the systematic error .

· Measure the diameter, d, of the pendulum bob with the vernier calipers.    Estimate the uncertainty in this measurement.

· Measure the length L' from the string’s attachment point to the bottom of the pendulum bob. To do this, use the 2-meter stick with the pointers on it.  The best approach is to measure from the underside of the horizontal support bar (where the string is attached) to the underside of the pendulum bob.   Note measuring L’ requires measuring two coordinates y1 and y2 .    

· Have the person next to you also measure the length L' of your setup. While they are doing this, you should measure their setup.   This will give each of you a check on how precisely you might be measuring L'.   Then subtracting y1 from y2 to get L’.

· The length of the pendulum is given by an equation: 
[image: image15.wmf].

QUESTION C1:  Propagate errors on the equation for L above.   Consider L o be a function of (, L’ and d.   Find the uncertainty in L.

Show your result to your instructor.

Is the uncertainty consistent with the restriction imposed in QUESTION B4?   If not you will have to do better at measuring L’.

You are going to use an optical gate to find the period T by measuring the times at which the pendulum's string crosses a given point.  This event occurs when the minimum in transmitted light intensity is reached as the string crosses the optical gate.   If you set the optical gate sampling frequency at a rate of f samples per second, then the time between samples is t=1/f.  The actual minimum of intensity will usually occur at a time between two intensity measurements, say at 
[image: image16.wmf] and 
[image: image17.wmf], where n is the sample number.   [See the figure below] You can estimate the time of the minimum in intensity by the average time, 
[image: image18.wmf].    The uncertainty in the average time at which any crosssing actually occurred is approximately half the sampling interval, i.e.

t = t/2 = 1/(2f).   


EQUATION IX.3
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Fig. C2 Intensity Minimum.

Above the uncertainty in the time at a particular crossing was obtained, but what we want to know is the uncertainty in the measured time interval for N periods, TN .   It  is given by: 
[image: image20.wmf], where (t1 is the uncertainty in the time of the intensity minimum at the beginning of the first period, when N = 0, and (tN is the uncertainty in the time of the minimum intensity at the end of the Nth period.   These two uncertainties are equal and given by equation IX.3.  Substituting gives the result: 


[image: image21.wmf]



EQUATION IX.4  

 The average time for a single period is given by: 
[image: image22.wmf]  

EQUATION IX.5 
QUESTION C2: By propagating errors what is the uncertainty of the period, Tav as a function of NT  and N?

Using equation IX.4, substitute for NT to get T as a function of f and N.

Show your result to your instructor.

The string crosses the optical gate in about 15 ms.   You need to get several samples taken during this time interval.    This means that f must be very much larger than 1/tC, i.e.  
[image: image23.wmf], where 
[image: image24.wmf] is the time to cross the optical gate.   Calculate f = 1/tC and then select an operating f that is very much bigger than this value.


· Check that the optical gate is placed so that as closely as possible the string cuts through the optical gate at the bottom of the swing.   If the optical gate is not exactly at the bottom of the pendulum swing, which is impossible in practice, the time interval between crossings will not be equal.   A period will be made up of a short time interval between crossings and a longer time interval between crossings.

- Set the sampling rate and sampling time according to your answer to question C3. 
- Pull the pendulum bob aside to a small angle (see you answer to QUESTION1) and roughly measure the X0 (you won't need it very accurately).  Then let the bob start swinging.

- Have Logger Pro get a data set.   Copy the data into your spreadsheet.  
- Extract the times at which the pendulum crossed the optical gate for every 2nd crossing.  See the diagram below. 
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Fig. C3 Plot showing intensity versus time.

Part D: Analysis










The Big Picture: Take a quick look at your data and get rough estimates for some parameters.  Doing this right after you take the data can save you a lot of trouble later on.  

· You now should have a few measurements of the crossing time.

· The are two ways that you might use to get the average period.   The first is to measure the time interval for N periods, using t0 and tN, and finding the average period and its uncertainty as described in EQUATION IX.5 and QUESTION C2.   A second way is to use LinFit using the crossing time as y, the uncertainty in the crossing time as the uncertainty in y and the period number N as x.   Then the slope 
[image: image26.wmf] and the uncertainty in the average period is given by 
[image: image27.wmf].   This second method uses more data.
QUESTION D1: What is Tav ?

QUESTION D2: What is Tav?

- From your measurements of L, Tavg , compute the acceleration g due to gravity.

QUESTION D3: Compute the uncertainty in your value of g (use your result from Question B3).  Show your work below and record in your spreadsheet.

QUESTION D5: Compare your value of g to the accepted value of g (written on the wall down the hallway). Is your value of g in reasonable agreement with the accepted value?  Calculate a value for 
[image: image28.wmf] using your measured value, the accepted value and the uncertainty in your measured value.  Comment briefly.

E-MAIL A COPY OF YOUR SPREADSHEET TO YOUR INSTRUCTOR 

BEFORE LEAVING THE LAB

V: Homework










Due by Friday at 6 PM.  

1. Suppose that the room gets hotter and a 2 m pendulum increases in length by 1 mm. By how much would the period change.

2. Suppose that you want to measure g to 0.01%, how accurately must you measure L and T? Use your expression for the total uncertainty in g from Question B3. 

3. A student measures x, y, and z with independent uncertainties x, y, and z.  Use propagation of errors to find the uncertainties in the following quantities:

(a) A = xy

(b)
 V = xyz

(c)
 [image: image29.wmf]
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QUESTION 2.  Now let us tackle the effect of the finite radius of the pendulum bob.  This systematic correction is contained in the square root factor inside the curly bracket of equation IX.2.





Expand the square root by using the mathematical result given above.

















Set the second term to be less than 10-4. 














What does the ratio � EMBED Equation.3  ��� have to be to satisfy this relationship?


























Show your result to your instructor.














QUESTION B4: You know that you want � EMBED Equation.3  ���.   Suppose we choose to make the L and T terms contribute unequally, because the period measurement can be more precise than the length measurement.   Let’s say that the L term must be less than � EMBED Equation.3  ���.   As you know the magnitude of L, how small must � EMBED Equation.3  ��� be?






































Show your result to your instructor.








QUESTION C3: - What must N be to get T to meet the condition set in question B5?
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