Appendix D: Theory of the Simple Pendulum




Like a mass hanging from a spring, a pendulum is another system that moves in an oscillatory way, and under certain conditions it can be considered a simple harmonic oscillator.  Just about any introductory physics text will have a good description of a pendulum in this approximation.  Here is a derivation of the equations of motion for a “physical pendulum”, i.e., any physical object that is hanging from a pivot point and swing back and forth.

The general case is shown in figure D.1.  Suppose there is a nail driven through the object of mass m at some point near the top.  The distance from the center of mass of the object to the nail is D. If we were to draw a “free body diagram” of the object, showing all the forces acting on it, we would see that the net force acting on it must be zero, but the net torque is likely not.  If the object is pulled to the side by an angle , then the effect of gravity will be a torque: 
[image: image1.wmf]q

t

sin

mgD

g

m

r

-

=

´

=

r

r

r

.


[image: image2.wmf]D

m

CM

mg

q

pivot point


 Figure D.1:  A physical pendulum.

Newton’s laws for angular motion allow us to write the angular acceleration as the sum of all torques acting on the object, divided by its moment of inertia.
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D.1

This is almost a simple harmonic oscillator, for which the equation of motion would be 
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, which has the solution 
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.  The only difference is that with the physical pendulum, we have sin on the right hand side instead of .  However, if the angle by which we pull the object to the side is very small, then we can use the approximation sin( and we do have a simple harmonic oscillator.  
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D.2

and the equation of motion is 
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.  Now let’s go to the situation at hand, a ball of mass m hanging from a string of length L.  The “lever arm” D is just the length of the string L.  If the ball is very small, and string is very lightweight and not floppy, then the moment of inertia of the ball-string system about the pivot point is I = mL2, and the oscillation frequency  is  
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 .  From this we can determine the period of oscillation 
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D.3

Now we want to consider the consequences of our two assumptions. First, suppose the ball is not small. Then the moment of inertia of the ball string system is not just mL2, but we also have to consider the momentum of inertia of the ball itself about its center of mass. We can do this using the parallel axis theorem, which says that the moment of inertia about an axis a distance L from the center of mass of the object is 
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.  In any introductory physics text we can look up the moment of inertia of a solid sphere about an axis going through its center, and we will find ICM = (2/5)ma2,  where a is the radius of the ball.  So the real I we should use in equation D.2 is
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So the first correction to the period is
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If the radius of the ball is small compared with the length of the string, then this correction is small.  The second correction to the period comes from the fact that we assumed the angle of oscillation was small.  While we will not derive it, the period of oscillation for a pendulum with an initial angular displacement 0 is:
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D.4

For an initial angular displacement of 20(, the correction to the period is about 1%.
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