Appendix C: Theory of the Anharmonic Oscillator
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We will assume that in the equilibrium position, the springs are stretched a distance d beyond their unstretched length Lo.  Thus the total length L' of the spring when it is in the equilibrium position is L' = Lo+d.  In addition, we will assume that there are rigid mounts that have a combined length c, which hold each end of the springs to the mass and the fixed supports.  In the equilibrium position, the total distance L between the mass and one of the fixed supports is thus:





L= L'+c = Lo+d+c

If the mass is now pulled to the side (x-direction) a distance x, then from the above sketch, one can see that the distance s of the mass from one of the support arms is:

or
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The force in the x-direction is:
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Here the factor of 2 is because there are two springs, the factor, s – (L –d), is the amount the spring is stretched,  k is the spring constant of each spring, and the factor sin() arises because only the component of the force in the x-direction is non-zero.  Substituting sin()=x/s, we find:
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Now define  
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 to find:
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Substitute in the force equation to find: 
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Newton's Second Law gives
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Rearranging we find:
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[C.1]

Where
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For small enough displacements x, the first term in the bracket dominates, and we have
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This describes simple harmonic motion with a frequency:
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If the oscillation amplitude is not small, higher order terms in the bracket will contribute.  To find out what is happening when higher order terms in the bracket contribute significantly, it is useful to substitute a trial solution into the equation of motion.

We try:
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where:
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and 

is the amplitude of the oscillation.  Substituting into equation C1, one finds:
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We can expand the powers of the cosine function as follows:
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and
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Now if we equate the coefficients of the 

 terms, we get
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Which gives us an equation for the angular frequency of oscillation:
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We can also write this in terms of the frequency f for easy comparison to your experimental results:
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