Exercise 5*









 

    
 Using 2 and Propagation of Errors to Test a Theory 

I. Purpose  











 
The purpose of this lab is to teach you how to decide if a theory agrees or disagrees with your experimental data.  To do this, we have chosen a simple problem: experimentally determine if the Pythagorean Theorem is true. During this experiment, you will use 2 and also learn about the "propagation of errors".

II. Equipment












two plastic triangles
personal computer

ruler

digital calipers

III. References












Read  Appendix 2 from "A Practical Guide to Data Analysis" by Lyons, or read Chapter 3, section 11 and Chapter 5, section 6 from Taylor.

IV. Introduction












The Pythagorean theorem just says that the square of the length "c" of the hypotenuse of a right triangle is equal to the sum of the squares of the lengths "a" and "b" of the other two sides of the triangle; i.e. a2+b2 = c2.  



In this lab, you will measure the sides of two right triangles and see if this law is correct.  What you will find is that no matter how careful you are at measuring the sides, when you compare a2+b2 with c2, there will be some difference.  One reason that there could be a difference is that perhaps the 90o angle on the triangle is not exactly 90o.  Here we will assume that this type of error is negligible and ignore it.  Another reason that you don't expect to see exact mathematical equality is that you can't measure the lengths of the three sides exactly.  Does this mean that the Pythagorean theorem is wrong?  No, what it means is that you have to take into account that your measurements are uncertain (or have errors in them) before you can decide whether or not your data agrees with the Pythagorean theorem.  



This lab walks you through the steps in a 2 error analysis so that you can see what is actually involved in testing a theory experimentally. 
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V. Testing the Pythagorean Theorem

A. Make Some Measurements  
(1) Set up a spreadsheet with rows and columns as shown in the Table below.  Be sure to type in your name and section number.  

Spreadsheet for Physics 174 - Exercise 5 - Triangles

	Name:

	
	Section:
	
	Date:
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	LAB 5
	Measured
	Results
	
	
	
	
	
	
	

	
	a

(mm)
	b

(mm)
	c

(mm)
	d

(mm)
	A

(mm)2
	sigma 

a

(mm)
	sigma b

(mm)
	sigma 

c

(mm)
	sigma 

A

(mm)2

	Ruler, 

      triangle #1
	
	
	
	
	
	
	
	
	 

	Ruler,

     triangle  #2
	
	
	
	
	
	
	
	
	

	Calipers, triangle #1
	
	
	
	
	
	
	
	
	

	Calipers, triangle #2
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	Results 
	From 
	Analysis
	
	
	
	
	
	
	

	
	Ruler
	Calipers
	
	
	
	
	
	
	

	Average A (mm)2
	
	
	
	
	
	
	
	
	

	Avg sigma A (mm)2
	
	
	
	
	
	
	
	
	

	Chi squared
(for theory
A = 0)
	
	
	
	
	
	
	
	
	

	v = degrees of freedom
	2
	2
	
	
	
	
	
	
	

	(Chi square)/v 
	
	
	
	
	
	
	
	
	

	P(Chi square, v)
	
	
	
	
	
	
	
	
	


(2) Using only the ruler, measure the lengths a, b, and c of the sides of both triangles.  Fill in the corresponding cells in your spreadsheet and get your checksheet initialed.

(3) Use the spreadsheet to compute d=(a2+b2)1/2.  The quantity d is the expected length of the hypotenuse if the Pythagorean theorem is true and your measurements are accurate.

(4) Compute A = a2+b2-c2 for the two triangles. Show your instructor and get your checksheet initialed. Note: The quantity A, which has the dimensions of area,  is the difference between theory and experiment.  If there were no errors, and the Pythagorean theorem were true, we would have A=0. 

B. Estimate the Experimental Error  






(1) Estimate the uncertainties in your measurements of a, b, and c.  Fill in the appropriate columns in your spreadsheet, labelled sigma a, sigma b, sigma c.

(2) Using the uncertainties, use your spreadsheet to compute A, the error in A = a2+b2-c2 for both triangles.  To do this, you will have to propagate the errors (see box below).   

Hint for Students: An Example in Propagating Errors


To find the unceratinty in A due to uncertainties in a, b, and c, you need to use error propagation. The propagation of errors formula for the unceratinty in A is:
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[5.1]


The symbol ∂A/∂a stands for partial differentiation of A with respect to a.  The basic idea is quite simple.  The quantity A = a2+b2-c2 depends on three independent variables, "a", "b", and “c”.  ∂A/∂a just means that you take a derivative of the function "A" with respect to "a" assuming that all other variables, such as "b", are constant.  It is easy to see that here:
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Thus Equation 5.1 can be rewritten as:
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[5.2]

For this lab, you can assume that a = b = c, in which case it is easy to show that equation [5.2] simplifies to:
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[5.3]  

(3) Once you have used your spreadsheet to find the error in A, show your instructor and get your checksheet initialed.

C. Was Pythagoras right?

You now have two measurements of A, the difference between theory and experiment, for two different triangles.   You can use your results to experimentally test the Pythagorean Theorem.  Since these measurements were taken using a ruler, they are not very precise.    
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(1) Use your data from Part B to compute <A>, the mean difference between theory and experiment:

Here A1 is your measurement of A for the first triangle and A2 is your measurement of A for the second triangle.  Note: the symbol < > is used by physicists to denote the average value or mean of the parameter enclosed.
(2) Next, use your spreadsheet to compute 2 for your data .  For this experiment, Atheory=0 if the Pythagorean Theorem is true, so you can write:


[image: image7.wmf](

)

(

)

(

)

(

)

(

)

2

2

2

2

2

1

2

1

2

2

2

2

2

1

2

1

2

2

2

2

2

1

2

1

2

1

2

2

2

0

0

A

A

A

A

A

theory

A

theory

i

Ai

theory

i

A

A

A

A

A

A

A

A

A

A

s

s

s

s

s

s

s

c

+

=

-

+

-

=

-

+

-

=

-

=

å

=


(3)  Fill in your spreadsheet and show your instructor.

Hints for Students: Making Sense of 

To understand what is going on in the above equation for , recall that for this exercise A1 is just the difference between theory and experiment for the first measurement.  If the theory is right, then the only difference between the theory and the experiment should be due to measurement error, so that we expect A1
[image: image8.wmf]»

A.  Similarly, we expect A2
[image: image9.wmf]»

A. Taking a look at the last line in the above expression for , notice that this means each term in the final sum should be about equal to 1.  Since there are two terms in the above equation for , we expect 
[image: image10.wmf]»

2.  Of course this will happen only if the theory is correct, if the data has been carefully acquired and recorded, and if the experimental uncertainty has been correctly determined. In general, if there are N data points, one would expect 
[image: image11.wmf]»

N for good agreement between the data and the theory (this ignores fitting parameters, which we are not using in this exercise). If  is much bigger or smaller than N, then the theory and experiment are not in good agreement. 

(3) Next compute  .  This is called the "reduced value of " and should typically equal about 1 if there is good agreement between the theory and experiment.  In this case, the number of degrees of freedom =2 since you made two measurements and did not use any fitting parameters.

(4) Use Excel or the table of P(,) below to find the P(,) which is "the probability that random errors can cause  to be as large or larger than you found".  Again, fill in your spreadsheet and show your instructor.

Excel Tip:  The easiest way to get P(2,) is directly from Excel by typing in the command =CHIDIST(2,).  For example, if your value of 2 is 3 and you had five degrees of freedom, then you would type in =CHIDIST(3,5).  Use the help button in Excel for more information.

	
	
	
	
	
	
	P(2,)
	
	
	
	
	

	
	
	0.99
	0.95
	0.9
	0.70
	0.50
	0.30
	0.10
	0.05
	0.01
	0.001

	
	1
	0.0002
	0.004
	0.052
	0.15
	0.46
	1.07
	2.7
	3.8
	6.6
	11

	
	2
	0.020
	0.103
	0.210
	0.71
	1.39
	2.41
	4.6
	6.0
	9.2
	14

	
	3
	0.11
	0.35
	0.59
	1.43
	2.37
	3.67
	6.3
	7.8
	11.3
	16

	
	4
	0.30
	0.71
	1.06
	2.20
	3.36
	4.88
	7.8
	9.5
	13.3
	18

	
	5
	0.56
	1.1
	1.6
	3.0
	4.4
	6.1
	9.2
	11.1
	15.1
	21

	
	6
	0.87
	1.6
	2.2
	3.8
	5.3
	7.2
	10.6
	12.6
	16.8
	22

	
	7
	1.2
	2.2
	2.8
	4.7
	6.3
	8.4
	12.0
	14.1
	18.5
	24

	
	8
	1.6
	2.7
	3.5
	5.5
	7.3
	9.5
	13.4
	15.5
	20
	26

	
	9
	2.1
	3.3
	4.2
	6.4
	8.3
	10.7
	15
	17
	22
	28

	
	10
	2.6
	3.9
	4.9
	7.3
	9.3
	11.8
	16
	18
	23
	30

	
	12
	3.6
	5.2
	6.3
	9.0
	11
	14
	19
	21
	26
	33

	
	15
	5
	7
	9
	12
	14
	17
	22
	25
	31
	38

	
	20
	8
	11
	12
	16
	19
	23
	28
	31
	38
	45

	
	30
	15
	18
	21
	26
	29
	34
	40
	44
	51
	60

	
	50
	30
	35
	38
	44
	49
	52
	63
	68
	76
	87


To find P() from the table, use the following procedure:

(i) The left hand column lists , the degrees of freedom, running from 1 to 50.  Find the row which has the degrees of freedom for your experiment.

(ii) Next, proceed from left to right along this row until you reach the cell which has your value of , or the nearest value.  Notice that the values increase as you go along a row from left to right.  If your value of  isn't listed in the table, just choose the cell in your row which has the value which is closest to your value.

(iii) Once you have found the cell with your value of , look at the cell at the very top of this column.  This is the value of P() for your and.     


For example, suppose that you have N = 9 measurements, you used one fitting parameter, and you computed 2 = 12.  The degrees of freedom is thus = N - 1 = 9 - 1 = 8.  So, we first find the =8 row.  Looking along this row, we see the values 1.6, 2.7, 3.5, 5.5, 7.3, etc. , etc.   The closest value listed in the row is 13.4.  Looking at the top of this column we find the number 0.10.  Thus P(2=12,=8) is equal to about 0.1.  This means that there is about a 10% chance that random errors would produce a value of 2 which is larger than 12. 

QUESTION #1: Suppose 2=4 and = 3. 




(a) Find P(2,) using the above table. (b) Find P(2,) using CHIDIST in Excel.

QUESTION #2: Using the value of  P(2,) you found for your experiment, is your data consistent with the Pythagorean theorem?  Explain briefly.

Hints for Students: Fitting Parameters and Degrees of Freedom


A fitting parameter is any number, constant, or variable that you derived from your experimental data and then used to determine or help calculate your expected result (i.e. you used it to find the theoretical value you compared to the data).  For example, if you calculated the average of your experimental data and then said that the average was your expected (or theoretical) result, then the use of the average would count as one  fitting parameter (because you used your data to generate one number which you fed back into the theory).  As another example, suppose you used the SLOPE and INTERCEPT functions to help determine a line which fit your data and then used this line as your expected or theoretical result.  In this case you would have two fitting parameters.  Finally, note that for this weeks lab, the theory was given to us as being A=0.  In this case, we have not used any of the data to construct the theory, and thus there are zero fitting parameters.


In general, the number of degrees of freedom  is the number of data points minus the number of fitting parameters.  Thus we can write:



 = (number of data points) - (number of fitting parameters) 

Hint for Students: What Does P(2) Mean


Suppose, for example, that you were working on an experiment and determined that 2=15.5,  = 8 and found  P(2) =0.05 from the table.

But what does P =0.05 mean? P =0.05 means that if you repeat the experiment, then only 5% of the time would the experimental errors alone produce a difference between the data and the theory that was larger than the one you found. In other words, the difference between the data and the theory is getting to be quite large (2 is big compared to ), and it doesn't happen very often that the random errors produce this large of a discrepancy. The implication is that there may be something wrong with either the data, the theory, or the estimated experimental uncertainty.  


As a general rule, when P(2) reaches the 5% level or less, the data and theory are said to have significant disagreement.  When P(2) falls to 1% level or less, the difference between data and theory is said to have highly significant disagreement.  On the other hand, if P(2) is between about 20% and 80%, the data and theory are said to be in reasonable agreement.  When P(2) reaches 90%, this means that 90% of the time the experimental error alone would produce a difference between the data and the theory which was larger than observed.  This suggests that something may be wrong with the experiment but does not rise to the level of certainty. For P(2) greater than 90%, the most likely problem is that the experimental error which was plugged into the equation  for 2was larger than the real experimental error, i.e. the measurements were made more precisely than the estimated error. The other possibility is that  you were just very lucky.  Somebody, after all, does win the lottery, even though the odds of doing so for each individual person are very low.
D. The Calipers  










(1)  Your instructor will give a brief explanation of how to use the calipers. Try some measurements and then estimate the uncertainty in your measurements of length using the calipers.


QUESTION #3: What is the most likely cause of the spread you will find in measurements you make with the calipers?

E. Measuring the triangles with the Calipers  





 (1) Now use the calipers to measure the lengths a, b, and c for both triangles.  Record your values in the spreadsheet and show your instructor. 

 (2) Again use your spreadsheet to find d=(a2+b2)1/2 and A for the two triangles. 

 (3) Specify the uncertainty in your new measurements of a, b, and c by filling in the appropriate columns in your spreadsheet.

QUESTION #4: Now that you have actually used the calipers to measure the two triangles, you might have seen some problems that you didn't think about when you answered Question #3 above. (a) Given what you now know, what's your best estimate for the uncertainty in the measurements of a, b, and c? (b) If you changed your uncertainties, briefly explain why.

 (4) Given your new uncertainties, use your spreadsheet to compute A for the caliper measurements.
F. Was Pythagoras right ? - Part II








 (1) Now use your caliper measurements to again see if the Pythagorean theorem is true.  Since the measurements are more precise than those found using the ruler, they will give a more demanding experimental test of the Pythagorean theorem.
 (2) To do this, repeat the steps in Part C using your data from the calipers.  After you find 2,, and P(2,), show your instructor and get your checksheet initialed.

QUESTION #5:  Is your value for 2 using the calipers reasonable?  If it is too high or low, explain what probably is going on. 

 (3) Submit a copy of your file to WebCT, and turn in your check sheet.

VI. Homework











 If you did not finish the lab in class, finish it for homework and send in a copy of your revised spreadsheet via WebCT by Tuesday at 6 PM. The homework set itself is to be turned in at the start of your next lab class - just write out  your  work on a sheet of paper and hand it in at the beginning of class.
1. The radius of a circle is measured to be 14.3 ±0.3 cm. Find the circle's area and the uncertainty in the area.

2. Let Z=y/x. Find Z and the uncertaintiy inZ when x = 0.5±0.01, and y = 3.0±0.03.

3. Let Z=(X1+X2+X3+X4)/4, so that Z is the average of the four X's.  Find Z and when X1=5.0, X2=5.1, X3=5.2, X4=4.9, and X=0.2 for all of the measurements .

4. Using the table above, or Excel, find P(2,) for the following cases. (a) 2=20 and = 20, (b) 2=50 and = 50, (c) 2=10 and = 4, (d) 2=5 and = 10

5. Notice when v=1 and 2=1, that P(2,)=P(,)=0.3. Explain how this fact is connected to the “2/3 rule” that you learned for finding the standard deviation of a set of data.

� EMBED Equation.3  ���
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