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Solution #8

Question A: ANHARMONIC OSCILLATOR

Answer:
1. We choose the basis of eigenstates of the standard harmonic oscillator.
2. Using raising and lowering operators, Ĥ0 = ~!(a+a� + 1

2).
Since a+a� |ni = N |ni , hm|H0 |ni = ~!(N + 1

2) hm| |ni
For Ĥ 0 = �x̂4, x̂ =

q
~

2m!

(a+ + a�) = (a+ + a�), we get the matrix of x,
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Since H = H0 + �x4, we use the matrix products, and get the whole presentation of H:
1
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+ 3 l
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0 3 l

2
0 3

2
l 0 0 0 0 0

0 3
2

+ 15 l

4
0 3 3

2
+ 6 l 0 15

2
l 0 0 0 0

3 l
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0 5
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+ 3 + 3
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2

2
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2
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2
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l 0 0 0
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l 0 7
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0 9 5 l 0 105

2
l 0 0

3
2

l 0 7 3 l 0 9
2
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0 11 15

2
l 0 105 l 0

0 15
2

l 0 3 5
2

+ 2
11 5

2

2
+ 10 l 0 11

2
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4
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0 0 0 0 0 3 21 l 0 K 21

2
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2 2
+ 6 2 OO l 0 19

2
+

3 27

2 2
+6 2 l

2

3. We assume m = ~ = ! = 1 to solve the eigenvalue of above matrices. Choosing �
from 0 to 0.9 by step of 0.1, we get ten sets of data, shown in the below plot. For every �,
we have ten eigenvalues.
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4. The ground state energy for every level is given in below plot. Actually it is the zoom
in of purple line in above plot.
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Recall what did about the perturbation theory in last homework, and using the assumption
m = ~ = ! = 1,we have H

groundstate

= 1
2 + 3

4� � 21
8 �

2. The second and third terms are
the first and second order correction respectively. The next two plots are plots of first and
second corrections respectively.
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We noticed that within � = 0.1, both second and first order perturbation work fine.
5. It is easy to guess that with �increasing, more energy levels(bigger matrix) are needed
to estimate the energy. We hope to get converged energy within those ten basis H matrix.
Here I plot three cases, for � = 0.5, 1, 5
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From those examples, we clearly see for � smaller than 1, basis =10 are enough to get 0.1%
precision. Even until � = 5, the precision becomes more than 1% and bigger scale matrix
are needed to get more exact values.

Question B: Non-degenerate Pertubation theory
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Answer:

1. Ĥ =

0

@
E0 � 0
� E0 0
0 0 E0

1

A

To get the eigenvalues ↵, we need det(H � ↵I) = 00

@
E0 � ↵ � 0
� E0 � ↵ 0
0 0 E0 � ↵

1

A = 0

=) ↵ = E0, E0 + �, andE0 � �
2. As we know, the first order correction to energy is E 0

n

= h 0
n

|H 0 | 0
n

i. So:

in case of  
a

, we have E
a

= h 
a

|V | 
a

i =
�
1 0 0

�
0

@
0 � 0
� 0 0
0 0 0

1

A

0

@
1
0
0

1

A

=) E
a

= 0

in case of  
b

, we have E
b

= h 
b

|V | 
b

i =
�
0 1 0

�
0

@
0 � 0
� 0 0
0 0 0

1

A

0

@
0
1
0

1

A

=) E
b

= 0

in case of  
c

, we have E
c

= h 
c

|V | 
c

i =
�
0 0 1

�
0

@
0 � 0
� 0 0
0 0 0

1

A

0

@
0
0
1

1

A

=) E
c

= 0
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3.  
abc

=

0

@
1 0 0
0 1 0
0 0 1

1

A. It is diagonal matrix.

When using the  
abc

basis, we have E
abc

= h 
abc

|V | 
abc

i = V =

0

@
0 � 0
� 0 0
0 0 0

1

A

We solve the eigenvalues, and get the exact correction 0, �,��

4. Now we use the eigenbasis of Ĥ0,  A

= 1p
2

0

@
1
1
0

1

A , 
B

= 1p
2

0

@
1
�1
0

1

A , 
C

=

0

@
0
0
1

1

A

In case of  
A

, we have E
A

= h 
A

|V | 
A

i = 1p
2

�
1 1 0

�
0

@
0 � 0
� 0 0
0 0 0

1

A 1p
2

0

@
1
1
0

1

A

=) E
A

= �

In case of  
B

, we have E
B

= h 
B

|V | 
B

i = 1p
2

�
1 �1 0

�
0

@
0 � 0
� 0 0
0 0 0

1

A 1p
2

0

@
1
�1
0

1

A

=) E
B

= ��

In case of  
C

, we have E
C

= h 
C

|V | 
C

i =
�
0 0 1

�
0

@
0 � 0
� 0 0
0 0 0

1

A

0

@
0
0
1

1

A

=) E
C

= 0

5.  
ABC

= 1p
2

0

@
1 1 0
1 �1 0
0 0 1

1

A.

When using the  
abc

basis, we have

E
ABC

= h 
ABC

|V | 
ABC

i = 1p
2

0

@
1 1 0
1 �1 0
0 0 1

1

A

0

@
0 � 0
� 0 0
0 0 0

1

A 1p
2

0

@
1 1 0
1 �1 0
0 0 1

1

A =

0

@
� 0 0
0 �� 0
0 0 0

1

A

We solve the eigenvalues, and get the exact correction 0, �,��
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