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Abstract

It has been shown that the Einstein equation can be derived from
the requirement that the First Law 6Q = T'dS holds for all local Rindler
causal horizons through each spacetime point. Here 6Q) and T are the
energy flux and Unruh temperature seen by an accelerating observer just
inside the horizon, and the entropy S is one quarter the horizon area in
Planck units. In this paper we show that there are problems extending
this thermodynamic derivation to include generic diffeomorphism invari-
ant theories of gravitation, where the entropy is the integral of the Noether
charge over the horizon. The requirement of thermodynamic equilibrium
is demonstrated to be incompatible with the local stationarity of the hori-
zon. In scalar-tensor theories this obstruction can be remedied with a
conformal transformation of the metric, but this method fails to work in
higher curvature theories. We conclude by using effective field theory to
argue that the thermodynamic derivation should only apply in the lowest
order regimes of the effective gravitational action.

1 Introduction

The deep connection between gravitation, thermodynamics, and quantum me-
chanics was first revealed by the discovery in the early 1970’s of the four laws
of black hole mechanics.[1] At an early stage theorists realized that these laws,
which are derived from the Einstein field equation, are essentially analogous to
the well known four laws of thermodynamics. The discovery of the Bekenstein-
Hawking entropy and Hawking radiation [2, 3] dispelled the notion that this
was only an analogy because it demonstrated that black holes do behave like
thermodynamic objects with a physical temperature and entropy. However, the
questions of how and why this identity relating two different branches of physics
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exists have been the source of many investigations over the past 30 years. Sev-
eral years ago, one of us proposed [4] an answer by reversing the logic and using
the proportionality of entropy and horizon area along with the First law of
thermodynamics to derive the Einstein equation as an equation of state. This
derivation strongly supports the idea that if we know the entropy from the sta-
tistical mechanics of some yet undiscovered theory of the microscopic structure
of spacetime then gravitation on a macroscopic scale must be a manifestation
of thermodynamics.

In [4] it was briefly argued that changing the assumed entropy functional
would simply change the field equations implied by the first law 6QQ = T'dS. As
a simple example, if the entropy was given by a polynomial in the Ricci scalar
ag+ a1 R+ apaR%+ - - - then the implied field equation would be consistent with
those found by the variation of a Lagrangian polynomial in the Ricci scalar.
In the first section of this paper we begin to examine this claim in detail by
briefly reviewing the original thermodynamical field equation argument. In the
following section we consider if the argument can be extended to include more
general diffeomorphism invariant theories of gravitation. In [5, 6] Wald and Iyer
showed that the entropy of a stationary black hole in any generally covariant
theory is given by the integral of its Noether charge of diffeomorphisms over
the (Killing) horizon. Using this as a prescription for the assumed entropy
functional we attempt to run the argument for the specific cases of actions with
an f(R) term and scalar-tensor theories. In the case where the entropy is just
proportional to the area, the condition for thermodynamic equilibrium is given
by vanishing of the expansion and shear of the local Rindler horizon at a point.
However, for these more general functionals, the expansion must be chosen to
cancel off extra terms such as the change of R or the scalar field along the
horizon. This requirement turns out to be generally inconsistent with the field
equations

In the third section we consider a couple of ways to possibly repair the ar-
gument. Perhaps the Wald prescription for the entropy is not correct in this
non-stationary situation. For example, in the case of a dynamical horizon the
ambiguities inherent in the Noether charge formalism become important. How-
ever, this point of view seems flawed since the concept of a local Rindler horizon
appears to be essential. Second, one could make a conformal transformation
that converts the entropy to just an area in the new metric. Although the equi-
librium condition is again trivial, we can obtain the scalar-tensor field equations
(in the “Einstein frame”). The similar procedure for the f(R) theory turns out
to be somewhat unsatisfactory and it cannot be generalized to other higher
curvature terms. Thus, we conclude that the thermodynamical argument only
applies to lowest order regimes of the effective gravitational action. From the
viewpoint of effective field theory higher order generally covariant terms are
suppressed by a cutoff (the Planck scale). We argue that an accelerating ob-
server measuring entropy in the local Rindler frame is incapable of probing to
the length scales required to detect additional curvature terms.



2 Local Rindler Horizon construction in GR

As discussed in [4], the first fundamental steps of the thermodynamic derivation
are to define heat, temperature, and the equilibrium conditions in the context
of spacetime dynamics. A natural definition for heat is the stress-energy that
flows across a causal horizon. In order to establish generality, in this paper the
idea of a causal horizon is not exclusively associated with black holes, but is
instead simply the boundary of the past of any set O. Thus, it is a null hyper-
surface with the null geodesic horizon generators emanating backward in time
from the set O. We want to consider the local gravitational thermodynamics
associated with these causal horizons, where the system is made up of the de-
grees of freedom just in front of the horizon. The temperature of this system is
defined via the Unruh effect, [7] which states that the quantum fluctuations of
the vacuum have thermal characteristics when observed by a uniformly accel-
erating observer. Since different accelerations will be associated with different
temperatures, we choose the thermodynamics of the accelerated observer whose
worldline approaches the horizon in the limit in order to make the arguments
as local as possible.

Because the system in question is generally not static, meaning that the
horizon is generally expanding and shearing, we must define what we mean by
equilibrium. We use the Equivalence Principle in order to consider the small
neighborhood around any spacetime point p as a piece of flat spacetime. There
exists a spacelike 2-surface B containing p such that at least one congruence of
null geodesics orthogonal to B has vanishing expansion and shear at p. This
congruence spans the local Rindler horizon (LRH) at p, which defines the part of
spacetime beyond the horizon to be the system in local equilibrium. In this small
region of flat spacetime there is an approximate Killing field x® associated with
boost symmetries. The Unruh effect predicts that the quantum fluctuations of
the vacuum have a temperature of

K

T, = —
2

(1)
in units where i = ¢ = 1 and the surface gravity s is the acceleration of the
Killing orbit on which x® is normalized to unity. In addition, the conserved
stress-energy current F'® = T, defines the heat flow, where T,; is the matter
stress-energy tensor. Letting x® generate the local Rindler horizon with the
direction chosen to be future pointing to the inside past of p, we can write the
heat flux across the horizon to be

Q= — / T dX,. (2)

If we assume k® is a tangent vector to the horizon generators then the LRH can
be parameterized by the usual affine parameter A\. On the initial surface B we
choose A\ = 0 and coordinates {z', 2%}, leading to the coordinate system {z, A}
on the LRH. We can use the equation x* = —rkAk® implied by the equation for
surface gravity [8] and d¥, = k,d\ d?x to write the heat flux to the past of p



as

5Q / E d\ | d®x/h(N) F.k° (3)
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where h is the determinant of the induced two metric and we have truncated
the LRH with a second surface B(e), where € is small.
On the other hand, the area of the LRH is given by

AQN) = /B | V) (5)

Under a small change we find that (expanding in a power series)

AA = —/d%\/h(O) %(0)% +O() (6)

where 6 = d(In/(h))/d\ is the expansion of the congruence. We will assume
that S = nA, where S is the entropy and 7 is an unknown proportionality
constant. Thus the 1st law 6Q = T, ndA in the limit ¢ — 0 is equivalent to

0= Z L0k K 0). (7)

Using the Raychaudhuri equation

d _ 1 2 2 ai.b
e 29 0% — Rapk®k (8)
evaluated on the initial surface B, Eqn. 7 becomes

2
RapkkP(0) = % Lk kP (0). (9)

Since the First Law should hold for all LRHs through every spacetime point
Eqn. 9 implies that

21
Rop + fgab = ?Tab (10)

for some function f. Imposing local conservation of energy-momentum, V7T, =
0, determines f and yields the equation

27
Gab + Agab = ? ab- (11)

This is of course the Einstein equation plus cosmological constant if we fix

_ 1
n=1g-



3 More general theories

3.1 f(R) Theory

In this section we consider whether the thermodynamic argument can produce
the field equations for any generally covariant theory of gravitation. This is not
a far-fetched idea since it has been shown that a version of the First Law is
valid for stationary black hole solutions in higher curvature gravity [9]. In this
situation, the key question is what to use as the entropy functional since it will
no longer be just the horizon area. Of course, in order to avoid circularity in
the original argument we are forced to argue that horizons must be associated
with entropy because they tend to hide information from the outside world.
This “entanglement entropy” that involves relations between vacuum fluctua-
tions inside and outside of the horizon must be proportional to the area of the
horizon if there is some fundamental length scale (e.g. the Planck length). In
a more general theory one could assume an observer in the local Rindler frame
would detect the appropriate additional terms. As a first test we consider an
entropy density proportional to f(R). The change in this entropy functional
when moving a small affine parameter e¢ along the local horizon reads

AS = 5(0) — S(e) = 1] / a2 /(0 f(R(0)) — (12)
/B PSR, (13)

Expanding in a power series in €

S ==y [ o AOLO0)S0) + Fo)e+ (19
B(0)
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At A = 0 vanishing shear and local stationarity of the entropy are two require-
ments for equilibrium. However, the vanishing of the 1st order term *

6f+df

0, (16)
corresponding to stationarity of the entropy, is not consistent with zero horizon
expansion (unless f = constant). In addition, the energy flux term is still given
by Eqn. 4, which at lowest order is quadratic in e. Despite this difficulty, we
proceed and find that in order for the First law §@Q = T,dS to be valid in the
limit € — 0 Eqn. 16 and the quadratic order condition

o
d\?

d@_ 27
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must be satisfied. Enforcing Eqn. 16 and applying it to Eqn. 17 gives

2
3—;; —0%f + fj—i = —%Tabkakb. (18)
We now use the Raychaudhuri equation evaluated at the initial surface and find
that
d’f
a2
df /dA

3 2
— [50° + FRak K = —%Tabk“k}’. (19)

where 6 = — Is this equation consistent with the equations of motion
generated by varying the action associated with an entropy density of f(R)?
To find the action we must look to the work of Wald and Iyer [5, 6]. For any
diffeomorphism invariant theory admitting a stationary black hole solution, they

have established a first law of black hole mechanics
TdS = AM (20)

where the entropy S is given by the Noether charge of diffeomorphisms under
the Killing vector that generates the horizon. Since the local Rindler horizon is
approximately stationary, this appears to be a good prescription for the entropy.
In the case of a fully dynamical horizon there is no accepted definition. For the
higher curvature theory given by the action

1

5= Tora

/d4x\/jg 9(R) + Imatter (21)

the Noether charge formalism tells us that the entropy density is ¢’(R), where
the prime stands for 9/OR. The equations of motion that follow from the
variation of this action are

1
59)9ab — VaVig' = 87GTyp. (22)

g Ray + (Og' — 5

Contraction with k%k® and evaluating at A = 0 produces

/

d?g

/ . kakbf
9 Rav N2

= 8rG Tk k. (23)

Thus, Eqn. 19 and Eqn. 23 are consistent up to a 62 f term, identifying f = ¢’
and again n = i. The two equations are equivalent only if § = 0, meaning that
all the original equilibrium conditions in Section 2 hold exactly. Unfortunately,
in Eqn. 16 this in turn implies that

dg’ _ ndR

N =g N =0. (24)

Since the First Law should apply for all LRHs through every spacetime point
the scalar curvature must be a constant, which is generally far too restrictive.
The only exact solutions permitted by the thermodynamical argument in these



theories are those with constant curvature, which can exist only in vacuum. Note
however that the f6% = (df /d\)?/f term in Eqn. 19 is higher order relative to
the other terms in an effective field theory expansion. Assume that

g(R)=1+L2R+ - (25)
where L, is the Planck length. Then g(R) is given by
g(R)=R+L2R*+- - (26)
Expanding the equation of motion (Eqn. 22) we find
Gab + (RRap + (OR — $R)gay — VaVyR)L2 + - -- (27)
However, expanding the offending 6% f term

1

4 — PRI
iz 7 VaRV,R + (28)

1
*,vag,vbgl ~ L
g

shows that it is of order L;‘,. Thus, although the thermodynamic derivation does
not exactly reproduce the correct equations of motion, in the two lowest orders
of the Planck length expansion there is agreement. This agreement at two orders
surprising because we assumed non-zero horizon expansion. The agreement may
be an artifact of the approximations involved in the LRH construction and will
be a subject of future work.

3.2 Scalar-tensor theories

For a scalar-tensor theory the analysis is very similar. We assume that the
observer in the local Rindler frame detects an entropy density proportional to
some scalar field ¢. Replacing f(R) with ¢ in the equations above and enforcing
the equilibrium and quadratic conditions, we arrive at the equation

d>p 3 (dp/dN)? 27

— L ST 4 ORpkRY = — Tk k. 29

A2 2 o + Pligp n ab ( )
We now need to check whether this equation is consistent with the equation of
motion derived from the theory associated with entropy density ¢. A general
scalar-tensor action

= / Az =g{oR — ngw FV(O)} + I (9abs @) (30)

has an entropy density proportional to ¢ according to the Noether charge pre-
scription. The metric field equation for this theory is
1

1 w w
1 _ 1 2
Gab - §gabv(90) - _;Tab - ;[vavb - gabD]SD + Eva@vb@ - §?gab(v@)

(31)



Contracting with k*k? and evaluating at A = 0 yields

PRak™K = ~Tuhk* — dp /AN + = (dp/dN)?, (32)
®

which is consistent if w = 3/2. We will now show that the thermodynamic
argument can derive the appropriate terms proportional to g, in the equation

motion. Since Eqn. 29 holds for all LRH’s at every spacetime point, we have

3 2w
VavbQO - 7VGL,OV(;(P + <pRab + fgab = _? ab- (33)

2p

The reader may also be wondering how this type of derivation can produce the
two equations of motion, one for the metric and one for the scalar field. The
condition that helps to answer this question and allows us to solve for f uniquely
up to a constant is the local conservation of stress-energy. The matter action is
invariant under infinitesimal changes of coordinates. Assuming that the matter
fields satisfy the equations of motion dSmatter/dip = 0 “on-shell,” the invariance
of this action yields the generalized conservation law

vbTab = _%vaa@7 (34)

where T, = \ﬂ%lg)ésmamer/égab and T, = ﬁasmmer/&p. Applying the
conservation law, the commutator of covariant derivatives, and the contracted
Bianchi identity VR = %Va]% we obtain the expression
T 31 31
vaf = ;Tgava@ + [Va(Ekp) - §EVb(Va<pVb@) + §E(V¢)2va<ﬁ - %@vaR]
(35)
The goal of our future calculations will be to change all the terms in Eqn. 35
into either the gradient of a scalar or some function times the gradient of .
Thus, after several lines of calculation, we find that
T 31

“r

R 31
n ¥ 42

3
wf@;(wH%R)vaw = Va(f+%<PR*D<p+@(WJ)2)- (36)
Since the right hand side is the gradient of a scalar, the left hand side clearly
must be as well. This implies that for some scalar function V,

3
va(f + %‘PR — Oy + @(V‘P)Q) = %VGV, (37)

which gives f = 1V — 3¢oR — = (V)2 + Op + A, where A is the integration
constant and plays the role of the cosmological constant if we do not wish to

absorb it into V. The resulting metric equation of motion is

o 3 3
T = @Rab+%va@vb<ﬁ_vavb¢+%gabv(so)_%gabWR_@gab(vSOF“rgab(D@)

(38)



Note that our equation

2w 31 3
VoV = (;Tso + ig(mﬂ)z - ;(DW) + R)Vap (39)
has the general form V,V = ¢V, for some arbitrary function ¢. In differential
forms notation, this equation can be written as dV = gdy and one can show
that locally V is only a function of . ? Thus, we have the scalar field equation
of motion 5 31 5
s
Vip) = ;ﬂp + 5?(“#’)2 - ;(DSO) +R (40)
appearing as an auxiliary condition on the potential V(¢). Eqns. 38 and 40 are
the equations of motion that result when one varies the scalar-tensor action in
Eqn. 30 with w = 3/2 with respect to ¢ and the metric.

Although a more general entropy density does produce equations that agree
with a very special case of a scalar-tensor theories and are consistent to lowest
order in the f(R) theory, generically it appears there is an inconsistency. We also
assumed a non-zero expansion initially to maintain stationarity of the entropy,
which is again inconsistent with the LRH construction. If we had fixed § = 0 the
thermodynamic argument would have (like the f(R) case) restricted the theory
to special solutions with ¢ = const. In general, it seems that this obstruction
exists for any form of the entropy as a Noether charge since one would have
to balance the expansion against the change of the entropy density functional
along the horizon.

4 Conformal Transformations and other possi-
ble remedies

One immediate objection to the analysis of the previous section is the simple
formal replacement of the area with the Wald prescription for the entropy of
a stationary black hole. The Noether charge formalism contains several am-
biguities. If the Lagrangian for the theory is given by an n-form Lgpq =
L(Ym, Vam, Gab, Rabed, VeRabed)€abea then there is a (n — 2)-form Noether
charge of diffeomorphisms Q,, = Q°Y€upeq- In [6] the Noether charge (n-2)-
form can be expressed in the following way

Q = W& + XU p)Vy + Y (9, Le) + dZ(p, €) (41)

where ¢ is the generator of diffeomorphisms, ¢ is some field configuration and
indices have been suppressed on the differential forms. There are ambiguities
in W,,X°? Y and dZ arising from the fact that one can add an exact form to
the Lagrangian without changing the equations of motion and that the Noether
current and charge are only defined up to the addition of a closed form (see
[10], for example). Fortunately, it has been shown that only the X¢ term

2note that this may not be true globally



contributes when the Noether charge is integrated over a stationary horizon. It
can be chosen to take the form

S = —97 %(Yabcd _ veZe:abcd)eabecd (42)

where ¢, is the binormal to the cross-section, Y24 = 9L, /ORubeq and Z eabed —
OL/OV ¢ Rapea [10]. In the case where the horizon is fully dynamical there is no
accepted way to eliminate the ambiguities since there is no longer a Killing hori-
zon. However, since the Wald proof does hold for stationary horizons there is
good reason to expect that it could be extended in some way to the locally sta-
tionary LRH, which is generated by the approximate Killing field x* generating
boosts in some direction. In the general case we showed in Section 3 that local
thermodynamic equilibrium does not even coincide with local stationarity of the
horizon. Although this gives correct field equations for the scalar-tensor theory
and the f(R) theory at lowest order, without local stationarity the LRH con-
struction is not possible. Thus, there is no approximate Killing field and without
this quantity clear definitions of heat flow and temperature do not appear to be
possible.

Another possible way to restore consistency is to make a conformal trans-
formation of the metric such that the horizon entropy is given by the area in
the new metric. Let us consider the scalar-tensor theory Eqn. 30 whose entropy
density is given by . Since there exists a conformal frame freedom in general
scalar-tensor theories [11] it is likely that the transformation will have useful
results. Making the conformal transformation

gab = ¥ YGab (43)
absorbs the A(y) term in the new entropy

/_1 7 2
S_E/\/ﬁdx (44)

Now local stationarity of the entropy functional again coincides with the local
stationarity of the horizon and we have effectively transformed to the “Einstein
frame” of the theory. Running the argument yields

Rapk®k® (45)

on one side of the First Law equation. Any ¢ dependent terms now have to be
considered a part of the heat flow across the horizon. An observer in the local
Rindler frame may have knowledge of the matter action. Assuming the scalar
field and other matter fields couple minimally to the metric (any curvature
couplings would contribute to the entropy), I, = L (Gab, @, ¥m ). Note that gap
is not yet a dynamical quantity. Therefore the argument produces

éab = SWG(fgpab + fmab) (46)
where T%,;, is the stress tensor of a minimally coupled scalar field while T,

corresponds to other types of matter fields. With this knowledge of the matter
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action we also have access to the scalar field and matter equations of motion.
Thus, the First Law equation produced by the thermodynamical argument is
consistent with the Einstein frame equations of motion.

For the f(R) the situation becomes more complex. It is again possible to
make a conformal transformation

gab = f/(R)gab (47)

so that the entropy becomes an area in the new metric. The usual procedure
of course yields the contracted Einstein equation in the new metric. Re-writing
this equation in the old metric we find (not unexpectedly)

Rak®K" — (42N /' + 5 (df AN/ (') = $nGTuh R (/) (49)

which is exactly Eqn. 19. Thus, this equation cannot be made equal to the
equation of motion for the f(R) theory. In addition, we cannot legitimately
assume the necessary correction terms are a part of the heat flow or in the
matter action detected by the observer since they involve curvature. A possible
loophole is to follow the procedure of (for example) Flanagan [12], which relates
the action in Eqn. 21 to a scalar-tensor theory in the Einstein frame. This is
done by introducing an auxiliary scalar field ¢ such that on-shell ¢ = R. While
this enables us to work with f(R) terms in some sense, what about other higher
curvature terms such as RgpeqR*°? that should appear in an effective action for
gravity? (see [13]) In this case the entropy is

S = %RadeQLbecd, (49)

which depends on both the intrinsic and extrinsic geometry of the horizon.
A conformal transformation therefore cannot bring this expression to just the
horizon area, which involves only the intrinsic geometry.

One could attempt a series of field redefinitions and conformal transforma-
tions on individual terms, but this is not likely to succeed since there are terms
cubic and higher in the Riemann tensor that appear in the general diffeomor-
phism invariant effective action. However, it is important to note that these
terms are suppressed relative to the Einstein-Hilbert action by powers of the
Planck length. Can an observer in the local Rindler frame ever detect such
terms when measuring the entropy? Recall that in the original construction
of the argument we invoked the equivalence principle to view a small patch of
spacetime as flat with Rindler coordinates

Gab = TNab + O(Racbdxcxd) (50)

The Unruh temperature and heat flow are associated with the Killing vector
of the flat spacetime region. In order to detect the effects of the suppressed
curvature terms in the entropy the observer would have to probe to longer length
scales. However, at these scales the approximation of a flat piece of spacetime,
an associated LRH with vanishing expansion and shear, and an approximate
Killing field begin to fail. Thus, it makes sense that the approximation of
equilibrium thermodynamics begins to fail.

11



5 Discussion

In this paper we have shown that in general diffeomorphism invariant theories
of gravity local stationarity of the entropy functional is not consistent with local
stationarity of the associated horizon. In the case of higher curvature gravity we
expect from effective field theory that the detection of additional Planck length
suppressed terms in the entropy functional would require one to go beyond
the conditions of equilibrium thermodynamics. Scalar-tensor theory appears
to be a specialized case, where the use of a conformal transformation to the
Einstein frame and the assumption that the heat flow includes the scalar field
are legitimate procedures. In the future perhaps it will be possible to understand
generally covariant theories in the context of non-equilibrium thermodynamics.

References

[1] J.M. Bardeen, B. Carter, and S.W. Hawking, Comm. Math. Phys. 31 161
(1973).

[2] J.D. Bekenstein, Phys. Rev. D 7 2333 (1973).
[3] S.-W. Hawking, Comm. Math. Phys. 43 199 (1975).

[4] T. Jacobson,“Thermodynamics of spacetime: The Einstein Equation of
State,” Phys. Rev. Lett. 75 1260 (1995).

[5] R.M. Wald, “Black Hole Entropy is Noether Charge,” Phys. Rev. D48 3427
(1993).

[6] R.M. Wald and V. Iyer, “Some Properties of Noether Charge and a Proposal
for Dynamical Black Hole Entropy,” Phys. Rev. D50 846 (1994)

[7] W.G. Unruh, Phys. Rev. D14 870 (1976).
[8] R.M Wald, General Relativity, University of Chicago Press, 1984.
[9] T. Jacobson, G. Kang, and R.C. Myers, Phys. Rev. D52 3518(1995).

[10] T. Jacobson, G. Kang, and R.C. Myers, “On Black Hole Entropy,” Phys.
Rev 49 6587 (1994).

[11] E. Flanagan, “The Conformal Frame Freedom in theories of Gravitation,”
Class. Quant. Grav. 21 3817 (2004).

[12] E. Flanagan, “Palatini Form of 1/R Gravity,” Phys. Rev. Lett. 92 071101
(2004).

[13] C.P. Burgess,“Quantum Gravity in Everyday Life: General Relativity as
an Effective Field Theory,” Living Rev. Rel. 7 5 (2004).

12



