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Two-Fluid Model Surface Impedance: A Tutorial

S.K. Remillard
Hope College

ABSTRACT

The two-fluid phenomenological treatment of thectleal conductivity of a superconductor
leads to a frequency response with characterigtascan be described without referring to the
guantum mechanical pairing mechanism. This pravidefurther treatment of the surface
impedance. Microwave frequency and microwave cirdependent measurements of surface
impedance of thin and thick film cuprate supercatoits is presented and explained in light of
the two-fluid model. This tutorial serves as aimmdduction to the subject for students joining the
Microwave Lab at Hope College.

1. Impedance

Resistance is usually understood to be the r&toltage to currentR=V/I. In electronic
circuit theory however the concept becomes more pticated because inductance and
capacitance need to be included in this ratio dk Weis then more appropriate to consider the
more complete quantity afmpedance, which is also the ratio of voltage to curreftV/I. Thus
impedance too has units of Ohms.

Voltage and current are not in phase when capacitninductive elements are involved
giving rise to the distinction between resistancel anpedance. Impedance is a complex
number with the real part being the resistance twedimaginary part being thesactance,

Z=R+j(X.-Xc), with j =.J/-1. The reactance due to a capacitor depends onléhfiequency
a(=27f) and capacitanc€ asXc=1/aC. The reactance due to an indudtas X = al..

Example A 100Q resistor, a 1 pF (=18 Farads) capacitor, and a 1 nH (Z18enry)
inductor are all connected in series. What isiiigedance at 1 GHz (=161ertz)?

Z:R+j(XL—XC)

1
(Zﬂx 10 Hz)( 10%2 F)

Z=100Q+j|(2rx16 H3( 10 -

Z=100-j153Q 0



If any of the reactive elements are in parallegntitheir inverses combine the same way
that resistors in parallel would combine.

Example The components from the previous example are cdeden parallel? What is
their impedance at 1 GHz?

1 1 1 1
= + - + .
Z R JXL _JXC

Z=043-)6.5Q O

=0.01+ j 0.153"

The usual method of inverting a complex number wssesl.

2. Surface Impedance

The surface of a conductor is treated as a ciwhith contains resistors, capacitors and
inductors. The surface then has a correspondimface impedance, Zs=Rst+jXs, which is
connected to conductivity through

1+
=— 1
s=0p (1)
where
5= |2 @)
w0

is the skin depth ,=4mx10’ TMH/A is the permeability of free space. The sulps@imeans
surface. SoXsis the reactance of the surface, ordirdace reactance.

Just as resistance in a circuit provides a measfutige conversion of electricity to heat,
the real part of surface impedance, the surfadstaeseRs, also provides a measure of electrical
dissipation. The imaginary part of the surface edgnce is the surface reactantewhich
provides a measure of field penetration (storag) the surface, just as the reactance in a circuit
provides a measure of electromagnetic energy storag is a real number for a normal
conductor, and thu¥s=Rs. However, superconductors have a complex condtygtand Xs is
consequently not equal Ry,

Impedance is the ratio of voltage to curréft)/I, with units of Volts/Ampere, which is
equivalent to an Ohm. Surface impedance is the @it electric fieldE; (units Volt/meter)
parallel to a conducting surface to the magneéldid (units Ampere/meter) at the surface. So
the units of surface impedancBs=E)/H are (Volts/meter)/(Amperes/meter), which is also



Ohms. Technicallys=E;/K whereK (units Ampere/meter) is the surface current densityand

H are numerically equivalent at a conductor surffiest, perpendicular in directiok =AxH ,
so the two ratios are identical. At non-zero fregy, the electric field drops off inside a
conductoras E=E.e?, whereE, is the electric field at the surface and z isdeeth inside the
surface.

Using 1+ | :\/Z_j, and combining Equation (1) and Equation (2) dulsxpression for
surface impedance is

= |14 ®3)

which appears to depend on the square root of éregu Zs also appears to be a complex
number with equal real and imaginary parts. B@pearances are illusions. Surface impedance
is a complex number which may have unequal realimwagdjinary parts, and it may not depend
on frequency as}'.

Because the conductivity of a norm °
metal is frequency independent at frequenc = T arass at Room Temperature 5
below the THz range, the surface impedance '
normal metals does follow both of thos = v
expectations. The real and imaginary partZof 100 /
are equal, and depend on frequency ds. ¢
Figure 1 shows the surface resistance of bras
room temperature over a wide range of microwe g
frequencies. Unlike normal conductor f (G2
superconductors have a frequency depenc
complex conductivity, o(a), meaning that the Figure 1. The surface resistance of brass is plotted
surface impedance of a superconductor is f‘hgj'”S‘D;'},i square root of frequehdgdicating
complicated expression af. AR '

nce (mN)

Surfac
o

3. The Two-Fluid Model

When a material is cooled below its supercondgctiransition temperaturelc, it
proceeds immediately into the superconducting phades is asecond order phase transition
because no latent heat is needed to completedhsition. Without latent heat, the material’s
temperature continues to drop without the pausecasted withfirst order phase transitions
such as freezing and boiling. Thus, the electiortie material do not all at once jump into the
superconducting phase. Rather, as the materials cbelow Tc the electrons become
superconducting one-by-one, or rather pair-by-pafks the material becomes colder, more
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electrons enter the superconducting phase. Thertomber density of electrons (i.e. number of
electrons per cfin the material is given by, and the number density that is superconducting is
given byns. How ns depends on temperature is a matter of the phys$itsecsuperconductor.
Using the empirical form for the temperature deere

n,(T) =n,(0) 1—(le ()

c

wherep=2 for high temperature cuprate superconductorshvbperate in what is called tbety
limit>.  p=4 for conventional (low temperature) supercondscsuch as the various elemental
metals and their alloys ng0)/n is the fraction of electrons per unit volume theae
superconducting at zero temperature, and is ustaign to equal unity.

Known as theGorter-Casimir modef, the presence of two types of electrons, coexjstin
in the superconductor can be described as twosflafdelectrons. The use of the term “fluid”
originates from the Drude treatment of electronsngtals where the charge carriers are treated
as a fluid of electrons flowing through the conaducmuch like water in a pipe So the two-
fluid model of a superconductor treats each eledmdhe superconductor as participating in one
of two fluids: the normal fluidh, or the superconducting fluie,. These two fluids coexist, and
they both flow simultaneously and in parallel thygbhuhe superconductor. Each fluid has its own
electrodynamic with its own skin depth and condutytj but together, they form a composite
electrodynamic because after all, it makes no sémsthe electric field to have two different
penetration distances and two different impedances.

Although there is always a skin effect associatéti the screening response of normal
electrons to time-dependent current, there is @amathpth, called theondon penetration depth
AL associated with the superelectrons screening at@yral magnetic field. The expulsion of
magnetic field from the interior of a supercondudsoknown as th&leissner-Ochsenfeld effect”.
Expulsion is accomplished by a surface anti-imageent contained withiml_ of the surface.
Usually A is shorter than the skin depfhand the superelectrons dominate the electrodynamic
response. However, at temperatures closE:tthe skin depth is shorter and normal electrons
dominate the electrodynamics. This makes the beidiood of the transition temperaturge an
interesting temperature range for the high-freqyestiedy of superconductors.

Solution to the Londons’ (there were two Londonejstitutive relation provides the
expression

m‘k
A= M 5
-\ ne? ©




where the asterisks require some explanati
Unknown in the days of the London Equation
derivation was that the superconducting fluid
comprised of electrons that form pairsSo a single
charge carrier in the superconducting fluid is a p
of electrons with mass m2m, twice the electron
mass, a charge ®2e, twice the electron charge
and a fluid density §, half the density of
superconducting electrons. So, the asterisks far
no consequence in Equation (5) since the tv
cancel.

Since there are two “fluids” of carrier
flowing in parallel through the superconductorted t
same time, an equivalent circuit for
superconductor should look like Figure 2 where 1
normal fluid and the superelectron fluid @heinting
each other. At zero frequency the inducti

O2s

0

O
Figure 2. The equivalent circuit of a
superconductor in the 2-fluid model. The

superconducting electrons pass through an
inductive path. The normal electrons pass
through a resistive path, but because they are
moving charge, they do have a small amount of
inductance which will not be included in the
derivation of total conductivity.

reactance of the imaginary part is zero and it tshor
circuits (or shunts) the real resistive part, mgksuperconductors lossless at DC, and only at
DC. Derivation of the complex conductivity of apguconductor requires two things: the
relationship between carrier speed and currentadittle classical mechanics.

4. Conductivity of a Superconductor

The current density is the current passing through a cross-sectiore af conductor
per unit cross-sectional area, and is relatedaspieed of the carriers through

J =nev

(6)

wheren is the number of carriers per unit voluneais the charge of each carrier ands the

drift velocity of the carriers.
expressions and Ohm’s law

to give an expression far.

Equation (6) wile combined with some simple mechanics

(7)

! That electrons form pairs is rather fundamentaiuperconductivity. The nature of that pairing heatsm is a
matter of on-going research. That the pairindgia d-wave nature in cuprate superconductors isesghblished,

and supplants many of the formulations of BSC theor



The superconducting electrons flow at veloacity
without any damping, so Newton’s second law appted (2) Fd<—‘—>qE

the motion of superconducting electrons is E

ma=F orsincec = fe . gF
v, (8) (b) 5

m—= = —eE.
dt

based on the free body diagram in Figure 3b. Tbg#am of Figure 3. The free body diagrams for (a)

the normal electrons at velocity is damped by collisions normal electrons and (b) superconducting

. . . . charge carriers. Recall that the drag force
with atoms with a drag force that is proportiormthe speed ¢ . e opposite direction as motion and

of the normal electrons and their mass. The d(mgefls that the force on an electron is opposite the
also inversely proportional to the timg,between collisions direction of the electric field.
between the electrons and the atoms, so altogether

F,. =-ma. ©)

drag = T
Think about it, the more frequently electrons emteuatoms, the smalleris and the more drag
force there will be. Newton’s second law appliedite motion of the normal electrons is then
av, _ v -

-m-t —eE 10
dt T (10)

m

based on the free body diagram in Figure 3a.

It is customary in experiments to apply AC signidat vary harmonically with time.
That is, the electric field varies sinusoidally vitme, and in complex form,

E(t)=Ee“. (11)
Since current responds to applied voltage or eteftéld, J will have the same time dependence
J(@t)=J_e' and J (FJ e'“. (12)

whereJs, andJy, are the amplitudes of the current of supercondgatiectrons and the current
of normal electrons, respectively. UsiwngJd/ne for carrier velocity and inserting Equations (11)
and (12) into Equations (8) and (10), gives



2
- en -
J,=-]—E, and
- e _
Jno__ m m Eo
jo =+
ne ner

Combining these two expressions intg+J  =0E, produces, after algebraic manipulation to

get the complex expression out of the denominatiorexpression for the complex conductivity
of a superconductor

2
m | en mw/ n, = (13)

so+jn0: _J S+ EO
ool (me)(m Ve (me ) m
"Il ne n.er n.e n.er

The quantity in parentheses in Equation (13) is ¢bmplex conductivity,o. After further
simplification it reduces to

(14)

n,e’r : ( n.e?

n.e’wr?
= - + n
m(L+ w’T?) j

mw ml+ w’r?)
revealing simple expressions for the real and imegyi parts of the complex conductivity.

Unless frequency is very high (infrared maybe)){<<1, and Equation (14) reduces to

ne’r .nege

~_n _ s ; |
g m J Mo orsimply (15)

o=0, - |0,

Although arguably in final form, Equation (15) ialgect to further illumination by including
elements from the theory of metals. The normdestanductivity comes from the Drude model
and is

g =L (16)

Not all of the electrons are in the normal statel #me real part ofo is attenuated by the
suppressed normal carrier density belyv Using this argument to rewrite Equation (15ngsi
Equations (5) and (16) results in the most commoitgd form of the conductivity



N 17)

whereA may not actually be the London penetration depthth@ actual penetration depth is
usually larger do to the granularity of the materielence it is advisable that we dispense with
the subscript. on A.. o1 and o; are simply referred to as the real and imaginaryspaf the
conductivity, respectively. Equation 17 can besrefhced for simple expressionsaf(=n,oy/n)
and 0> (=1 ayA?) based on material properties. The real and insygiparts depend on carrier
concentratiom, either directly as in the case @f, or through the dependencebbnn®. Since

Tc also depends on carrier concentratiathanges in the doping level simultaneously a$fect
numerous superconducting properties: loss, fieftepration, andc.

5. Surface Impedance from the Two-Fluid Model

The surface impedance can now be written usingafmu (17)

ZS:\/JWO :\/ jaa (18)
o 0,-10,

A useful superconductor has very little electricals, which means that the real, or resistive, part
of the conductivity is very small compared to theaginary, or inductive part, sm<<o, and
moving the complex expression into the numerataraiqn (18) is rewritten as

Z = Gy jﬂ—l. (19)
0-2 0-2

Using the binomial expansion theorem which says$ ¢hax)"<1+x/n if x<<1, Equation (19)
becomes

~ || Gy
Zy= + . 20
s . {J 5 2] (20)

Now, combine Equations (17) and (20) to elimingg@ndo, to get

[um( . 1no A?
ZS ~ :uoz (J 4+ - _n nWo J (21)
n.e 2 n

where recall that



A= 1 (22)
HoNe

So using this and switching the order of the real imaginary parts,
1n 2 213 . .
ZS ZEFno-nw lqu + JayoA = RS + JXS (23)

is the most useful expression for the surface irapeé based on the two-fluid model.

Freguency Dependence of the Surface Impedance

The London penetration depth does not dependemuéncy (e.g. superconductors are
non-dispersive). The surface resistance of a superconductoefiwer according to Equation 23
depends on frequency squared, as opposed to theesqut of frequency for normal conductors.
Notice that the surface reactance depends linegarlyrequency. Deviations from quadratic
frequency dependence B§, to as weak as linear frequency dependence, heee dibserved for
granular superconducting materials indicating thatoes have some frequency dependénce
This is because granularity introduces some cantidgh of the normal fluid to the
electrodynamics andl is thus not entirely equal to the London penairatieptA. This is not
likely the case for high quality superconductinmtfilms, as seen in Figure’ 4which maintain
the quadratic frequency dependence up to at le@6t GHz. This figure also includes
comparison to brass and to copper at 77 K, whioke hequare root frequency dependence.
Notice that above 30 GHz, the superconductor dgthals higher Bthan copper. 30 GHz is
then referred to as thoeoss-over frequency for this superconducting sample.

‘ A YBCO film (77K)

tance (mQ)

=

Surface Resis
>

Freguency (GHz)

Figure 4 The frequency dependence of the surface resist#frac@BCO thin film
measured at 77K using an open Fabry-Perot reson@mmparison to normal
metals, copper and brass, is incl/’.



Temperature Dependence of the Surface Impedance
Although the frequency dependence of surface irapeel is brilliantly confirmed by
experiment, the temperature dependence is in rat good agreement. Combining Equations

(4), (5) and the real part of Equation (21) gives

T
U'CL)Z 3A3 1_ 1_(1'}
RS - n 2:uo 0 c . (24)

There are two issues. First, the two-fluid modeddicts that B should go to zero at zero
temperature, and it doesn’t. Instead it levels aiffivhat has come to be called ttesidual
surface resistance. Second, the two-fluid model predicts that thefagie impedance becomes
infinite at T, which also does not happen. Instead@ass approachedRs arrives at its “above

Tc value”, sometimes called thobassical surface resistance. At temperatures not near zero or
Tc, Equation (24) provides a better fit. This hasdemdéhe two temperature extremes of the
superconducting state fertile ground for reseali€igure 5 shows the temperature dependence of
a granular thick film of YBCO measured at 11.28 GHBelow about 70 K, th&s has leveled

off. And it certainly does not become infiniteitst T¢c of 92 K. Also shown is the effect of a
perpendicular static magnetic field which raisesRiby decoupling the superconducting grains.

1000 F T L ' T T T =¥ —
f 11.28 GHz E@A
[ g
— ]
= A QO Qe a
e o
o 00y = 7808 s -
O ; b
\f(ﬁ vV copper
<+ a
(9]
= a
0 s
@ ALY oIV
T 10 vvwvvwwvﬁ%ﬁﬁ? 4
© 7 7 WVVWWC_'_WV ."_‘rC.-CCE‘:: = 'f
(g S0 ED:CECD A‘ff
- - & A0S 8at 8, 008, 8
c A aTAaBAT L
35 A at =
) =¥
1 s
0 25 50 75 00

Figure5 The temperature dependence of a granular tHiokdf superconducting YBCO. Also
shown is the effect of a static magnetic field @xpperpendicular to the film’s surface
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Microwave Current Dependence of the Surface I mpedance

The surface impedance of a superconductor is ioosly dependent on the microwave
current above a certain level called tiamlinearity onset current. Inspection of Equation (23)
shows where the current dependence enters intsutiace impedance. The imaginary term
only contains three quantities) (4, andA. Of these three quantities, the first two do nate
anything to do with current. Frequency is presslilby the source and, is a fundamental
constant. So the surface reactan€g,is current dependent because the penetratiorh dept
current dependent. Any changedidue to microwave current happens in equal medeu{e

The surface resistance contains two quantities thag with current:n, and A. The
dependence of these quantities on current is coatpli and reveals much about the physics of
the superconductor.A and n, change for a variety of reasons. Flux penetratitio the
superconductor, local microwave heating, and gfadundary decoupling are among the
phenomena that change penetration and carriertgéatso called the “order parameter”). What
is unsettling here is that the RF magnetic fidigt is used to measui®;. So a small value of
Hrr is needed to ensure thagis not influenced by its measurement. Howeves,itiiluence of
Hre ONZs, shown in Figure 6, is a matter of research ims right®.

Reduced Temperature t=0.79

100 5 —=— Sample T, T.=98.7K, p=0.1979
1+ Sample AU, T_=102.7K, p=0.1917

i _- o Sample AW’ TC=1053K1 p=0186 e S =
g 601
D:"’ 40 #*ﬁ- .
J 4-4—“***_’@%#» R i
e e
20 T T T T T T r r . . : . |
120

AXq (1)

a T T T T T T T T T T 1
0 200 400 600 800 1000 1200 1400
H, (A/m)
Figure 6 The surface impedance is influenced by the RF outhat is used to measure

it, as seen in these three superconducting TBC@Clitims measured with a sapphire
dielectric resonatorp refers to the carrier doping level of the sarfiple
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6. Conclusions

The two-fluid model provides a physical descript@f the condensation of electrons into
the superconducting state. It makes various ptiedi& about how the surface resistance and
surface reactance should depend on frequency, tatmpe and current. When there are
arguably no dominant morphological features, sugtgm@nularity, contributing to the surface
impedance, then the two-fluid model’s dependenaresobserved. Granularity however masks
the behavior oZs. Elevated RF current, which is used to probezgéebreaks charge carrier
pairs and thus influences. Thisnonlinearity has broader implications in device performance
as it distorts the RF signal, producing harmonid emermodulation mixing tonés
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