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1.  Introduction

Two decades of basic and applied research have transformed 
brittle ceramic cuprate high-temperature superconductors 
(HTS) into flexible coated conductors that carry loss-less 
currents of 4 MA cm−2 at 77 K. These wires have been suc-
cessfully implemented at pilot sites world-wide as prototype 
transmission lines and fault current limiters. Furthermore, new 
applications in energy generation via superconducting wind 
turbines and in energy storage via superconducting magnetic 
energy storage systems are at the horizon. A large barrier to 
broad acceptance of this revolutionary technology is the high 
cost of the wires for electricity transmission and their weak 
performance in high magnetic fields where the latter precludes 
their applications in superconducting rotating machinery.  

A decisive approach to lower the cost is to increase the wires’ 
current-carrying capacity, thereby reducing the amount of 
superconducting material required for a given application. 
In other words, doubling the capacity can reduce the cost by 
half. For applications in high magnetic fields, current-carry-
ing capacity depends strongly on magnetic field orientation 
with respect to the layered structure of the wire. In rotating 
machinery, the orientation of the windings with respect to the 
field changes constantly, favoring isotropic over anisotropic 
current-carrying capacity. More recently, the discovery of the 
iron-based superconductors has spurred interest in the appli-
cation potential of this new class of superconducting mat
erials. Although the superconducting transition temperatures, 
Tc, are generally lower than in the cuprates, these materials 
have relatively lower anisotropy, making them amenable for 
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applications in superconducting rotating machinery where the 
industry targets for operation temperature and magnetic field 
are 20–30 K and 1.5 to 3 Tesla, respectively.

The most important applications metric of a superconduc-
tor is the maximum loss-less current or critical current den-
sity it can carry at given operation conditions. This quantity 
is determined by the behavior of vortex matter—that is the 
macroscopic ensemble of vortex lines within a superconduc-
tor. Vortices appear inside the superconductor in sufficiently 
high magnetic fields and can be viewed as single quanta of 
magnetic flux composed of supercurrents circulating around 
normal cores. An electric current applied to a superconductor 
exerts a force on the vortices. Once this current reaches a criti-
cal threshold value, the critical current density, vortices are 
set in motion. As moving vortices dissipate energy, the super-
conductor loses its ‘loss-less’ current carrying ability. The 
interaction of vortices with defects in the underlying super-
conducting material can immobilize or pin vortices, and the 
strength of this pinning interaction determines the maximum 
‘loss-less’ current that the superconductor can sustain. Thus, 
in order to enhance the current carrying capacity of supercon-
ductors, an understanding of the most effective vortex pinning 
defect structures needs to be achieved.

Currently, the dynamic behavior of vortex matter remains 
poorly understood due to the complexity of the vortex sys-
tem, which consists of flexible vortex lines that interact with 
each other over long distances and with defect structures that 
in general contain a mixture of defects of various shapes and 
sizes, so-called mixed-pinning landscapes. In particular, inno-
vative approaches that could identify and guide the rational 
design of optimal vortex pinning defect structures are highly 
desirable.

There are several factors that emerge for large-scale vortex 
pinning arrays that result in the ultimate bulk critical current. 
They include (i) the mutual long-range repulsion between vor-
tex lines allowing at times for a single vortex to influence the 
motion of many of its neighbors, (ii) the inherent flexibility of 
vortex lines enabling them to simultaneously seek and attach 
to many pinning defects at different locations along its length 
and to move in intricate dynamic configurations as vortex seg-
ments detach and attach from one defect site to another, and 
(iii) the possibility of vortices cutting and reconnecting into 
new configurations in the course of their motion. Furthermore, 
the non-linear dynamic interaction of these vortices with a 
complex defect landscape and the interruption of the super-
conducting current pathways by non-superconducting defects 
that reduce the cross-sectional area available for supercurrent 
are issues to be addressed. Hence, predicting the dynamic 
behavior of large-scale arrays of vortices in these complex 
pinning landscapes is a fundamental challenge of high practi-
cal value and has so far remained out of reach of analytical 
theory and conventional numerical simulation.

In this review, we focus on the role of vortex matter in the 
recent scientific advances that have driven the critical current 
of high-performance, high-temperature superconductors to 
new limits. The synthesis and experimental challenges that 
emerge for understanding large-scale vortex pinning arrays 
include tailoring the synthesis for custom insertion of various 

size, shape, morphology and density of the pinning defects, 
differentiating the competition among the different types of 
defects that could confound vortex dynamics and static pin-
ning and specifically identifying the dominant and secondary 
pinning defects within the material that is responsible for the 
bulk critical current. While there are many synthesis routes 
towards high-temperature superconducting wires, we limit 
our review mostly to so-called coated conductors that dis-
play very high critical current densities and are close to or are 
already industrially implemented. We loosely define ‘high-Tc’ 
as superconductors with transition temperatures near and 
above 35 K, following their discovery in cuprates. We present 
a brief review of the current synthetic strategies to tailor the 
defect structures and the surprising non-conventional meth-
ods using particle irradiation on commercial high-temperature 
coated conductors as a viable industrial option to substantially 
enhance the critical current in post-production wires. We will 
also review the critical current limits of the newly discovered, 
nearly isotropic iron based superconductors and their potential 
as the next commercial HTS coated conductor. In the last sec-
tion, we review an emerging novel synergistic approach that 
combines theory, experiments and large-scale simulations of 
vortex matter to achieve a new paradigm, ‘critical current by 
design’ that is, realizing a quantitative correlation between the 
observed critical current density and multi-scale mixed pin-
ning landscapes by using realistic input parameters in a pow-
erful, large-scale time dependent Ginzburg–Landau approach 
to simulating vortex dynamics.

2.  Properties of vortex matter

2.1.  What is vortex matter?

The high-performance superconductors described here are 
so-called type-II superconductors, meaning that a sufficiently 
high magnetic field penetrates inside them via the forma-
tion of vortices (Abrikosov 1957). Vortices can be viewed as 
non-superconducting cores that are surrounded by circulat-
ing persistent superconducting currents, see figure 1(a). The 
core radius is approximately given by the coherence length, ξ, 
which for high-temperature superconductors (HTS) is of the 
order of several nanometers, and the circulating supercurrents 
extend out to the magnetic penetration depth, λ, which is of 
the order of 100–200 nm. An isolated vortex in a bulk super-
conductor carries magnetic flux equal to the flux quantum 

hc e2 2.068 100
7/Φ = ≈ ⋅ −  G · cm2. As a consequence, the 

areal density of the lines nv is set by the magnetic induction B 
as n Bv 0/= Φ .

Arrays of vortices are known as vortex matter (Blatter et al 
1994, Brandt 1995, Crabtree and Nelson 1997, Nattermann 
and Scheidl 2000, Blatter and Geshkenbein 2003) as they 
display properties that are reminiscent of ordinary material 
matter such as the existence of the crystalline state which 
is characterized by the elastic energy and a melting trans
ition transforming this state into the liquid phase. Contrary 
to atomic matter, however, interaction with disorder due to 
material imperfections plays a very important role in the phys-
ics of vortex matter. At a qualitative level, the different phases 
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arising in vortex matter appear due to the interplay between 
the vortex–vortex interaction, thermal fluctuations, and the 
interaction of vortices with material defects. In the absence 
of any disorder in the superconducting material and at suf-
ficiently low temperatures, vortices form a regular lattice, the 
Abrikosov lattice, see figure 1(b). On increasing temperature, 
thermal fluctuations induce a 1st-order melting transition 
transforming the Abrikosov lattice into the vortex liquid phase 
in which vortices are no longer bound to a certain position but 
can freely slide past each other. Strong disorder in the super-
conducting material drives vortices off their lattice positions 
and destroys the crystalline order even at low temperatures 
leading to a vortex-glass state, see figure 1(b). With increasing 
temperature, the vortex glass transforms into the vortex liquid 
via a continuous phase transition.

High-power applications of superconductors are centered 
on their ability to carry large loss-less currents.4 The behavior 
of the superconductor is inevitably determined by the inter-
action of currents flowing in the superconductor with the 
various vortex states that arise either in response to an exter-
nal magnetic field or are generated by the flowing currents 
themselves. An external electric current density J generates 
a Lorentz force acting on the vortex line perpendicular to 
both the current direction and the unit vector along the line n, 

cF J nL 0( / )= Φ × , see figure 2. In a uniform superconductor, 
this force drives the vortex with velocity v which is limited 
by the Bardeen–Stephen friction viscosity η arising from the 
normal quasiparticles in the vortex core, v FL/η= . Motion of 
the vortices due to the Lorentz force generates a finite elec-
tric field proportional to the velocity, cE B v/= × , which is 
perpendicular to the velocity and parallel to the electric cur
rent leading to dissipation of energy and to a finite flux-flow 
resistivity. Therefore, in the presence of vortices, a uniform 

superconductor loses its key property of supporting dissipa-
tion-free currents. The successful fabrication of high-perfor-
mance superconductors can only be achieved by suppression 
of vortex mobility, i.e. by effectively pinning vortices in their 
positions. In this regard, no simple defect can optimally pin 
the vortices over the entire temperature and magnetic field 
range of the superconductor’s phase diagram. Empirical 
studies have demonstrated that in order to achieve the high-
est critical current for a targeted temperature and magnetic 
field regime, a mixture of various defect morphology types 
is necessary, creating a complex mixed-pinning landscape for 
vortex interactions. Unraveling the intricate dynamic behavior 
of vortex matter in a mixed-pinning landscapes will provide 
crucial information towards a rational design for enhancing 
the performance of applied superconductors.

2.2.  Phenomenology of vortex matter

The theoretical descriptions of an individual vortex and vortex-
matter states are mostly based on the Ginzburg–Landau (GL) 

Figure 1.  (a) Structure of an isolated vortex (red). The top graph shows the distribution of the magnetic field and order parameter 
amplitude in a cross-section through the vortex. The vector-lines circling the vortex represent the supercurrent screening the magnetic flux 
of the vortex. The bottom plane-cut shows the distribution of the order parameter. (b) Illustrations of different vortex states for differnt 
temperatures and disorder (yellow). 3D illustrations are generated using the time-dependent Ginzburg–Landau equations, see section 4.2.

Figure 2.  Illustration of dissipation caused by moving vortices in 
uniform superconductors. An applied electric current J generates 
a Lorentz force FL acting on vortices perpendicular to the current 
direction, which drives them with velocity v. The vortex motion 
generates a finite electric field E proportional to v and perpendicular 
to its direction. This mean that E is parallel to J, corresponding to a 
finite flux-flow resistivity.

4 We do not consider here properties relevant for other applications of 
superconductivity such as Josephson junctions (Barone and Paterno 1982), 
superconducting detectors (Zmuidzinas 2012), or superconducting cavities 
(Padamsee 2014).
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model. This model also forms the basis for the simulations of 
vortex dynamics presented in section 4.2. While a phenom-
enological theory, this model can be rigorously derived from 
the microscopic Bardeen–Cooper–Schrieffer theory in the 
vicinity of the critical temperature Tc of the superconducting 
transition (Gor’kov 1959). The GL theory describes the super-
conducting state in terms of a spatially dependent complex 
order parameter ψ, which is related to the superconducting 
electron density (see figure 1(a)—at the center of the vortex, 
the superconducting order parameter is zero, as the material at 
the core of the vortex is in the normal state). In the presence of 
a magnetic field, B, the GL free energy is given as,5
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where  −e is the electron’s charge, c is the speed of light, 
mα are the effective mass components with x y z, ,α =  (we 
will assume that m m mx y= = , m m 1z x

2/ γ= > ), a0, b are 
phenomenological constants, A is the electromagnetic vec-
tor potential, and ı is the imaginary unit. Furthermore, 
( ) [ ( ) ]/= −ε T T Tr rc  is a dimensionless function of temper

ature, which vanishes at the local critical temperature 
→ ( )T T rc . The GL theory of superconductivity has two char-

acteristic length scales: the coherence length, ma40
2

0/ξ = � , 

and the London penetration length mc e80
2 2

0
2/λ π ψ= , where 

a b0 0/ψ =  is the scale for the equilibrium order parameter 
in the absence of an electromagnetic field. For a spatially 
uniform superconducting critical temperature, ( )=T Trc c and, 
therefore, r( ) =ε ε . The temperature-dependent coherence 
length /( / ) /ξ ξ= − T T10 c

1 2 describes the typical scale of order 
parameter variations in space and the magnetic penetration 
length /( / ) /λ λ= − T T10 c

1 2 describes the depth to which a 
small external magnetic field can penetrate into the supercon-
ductor. The temperature-independent ratio 0 0/ /κ λ ξ λ ξ= =  
is called the GL parameter. The typical scale for the energy 
density gain in the superconducting state a b20

2/  is called the 
condensation energy. The magnetic field at which the magn
etic energy B 82/ π is equal to the condensation energy defines 
the thermodynamic field H 2 2c0 0 0 0/( )πξ λ= Φ . Near Tc, the 
temperature-dependent thermodynamic field Hc vanishes as 

( / )= −H H T T1c c0 c . Furthermore, GL theory yields the high-
est current a superconductor can carry, the depairing critical 
current density, π ξλ= ΦJ c 12 3dp 0

2 2/( ), ∝ −J T T1dp c
3 2( / ) / . 

Beyond this current, the kinetic energy of the supercurrent elec-
trons exceeds the condensation energy and the superconduct-
ing state breaks down.

The cuprate high-temperature superconductors are layered 
materials, in which the superconductivity arises in the CuO2 
planes and electronic tunneling leads to the Josephson cou-
pling between these planes. In moderately anisotropic mat
erials, such as YBa2Cu3O7−δ, this coupling is strong and the 
order parameter typically changes smoothly from layer to 

layer meaning that they can be treated as anisotropic three-
dimensional superconductors. In this review, we focus on such 
materials and do not discuss highly-anisotropic superconduc-
tors like Bi2Sr2CaCu2O8−δ, where the layered structure has a 
dramatic influence on properties of the vortex matter, see, e.g. 
Blatter and Geshkenbein (2003).

Equilibrium states of superconductors are obtained from 
the GL equations  by minimizing the GL free energy (1): 

0GL/δ δψ =∗F  and A 0GL/δ δ =F . In particular, these equa-
tions allow for a solution in the form of an isolated vortex line 
defined by the phase singularity in the order parameter, where 
the phase winds by 2π around the vortex. This topological 
property determines other properties of the vortex such as the 
vanishing of the order parameter at the vortex core, the pattern 
of supercurrents circulating around it, and the total magnetic 
flux equal to the flux quantum 0Φ . In a uniform material at low 
temperatures, vortices are straight and have a line energy of

ln 0.497l 0[ ( / ) ]λ ξ≈ +ε ε� (2)

with 40 0
2 2/( )πλ= Φε . This line energy determines the lower 

critical field H 4c l1 0/π= Φε  above which the formation of 
vortices in the bulk becomes energetically favorable. Straight 
parallel vortex lines separated by distance r repel each other 
with the interaction energy per unit length U r K r2 0 0( ) ( / )λ= ε  
where K0(x) is the modified Bessel function of the second 
kind. Due to this interaction, and for negligible thermal fluc-
tuations in the absence of disorder, the lines form a triangu-

lar lattice with the period a B2 30/= Φ .6 Without thermal 
fluctuations, this lattice exists as long as the distance between 
vortices exceeds the coherence length, corresponding to 
magnetic fields below the upper critical field H 2c2 0

2/ πξ= Φ , 
beyond which the superconductor reverts to the normal state.

A key feature of high-temperature superconductors is a 
strong amplitude of thermal fluctuations. The strength of 
thermal fluctuations in a superconductor can be conveniently 
quantified by the relative temperature range at zero magn
etic field where fluctuations become strong. This parameter 
is known as the Ginzburg number Gi T Tf c/= ∆  (Larkin and 
Varlamov 2005). For three-dimensional superconductors, it is 
proportional to the square of the ratio of the thermal energy 
k TB c to the condensation energy within the correlation volume 

H 8c0
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0
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where kB is the Boltzmann constant. The latter equation can 
be rewritten as Gi T0.0325 cm K0 c

2(   ( )  ( ))γκ λ= . The large 
amplitude of thermal fluctuations in HTSs is a consequence 
of very high transition temperature, small coherence length, 
high anisotropy, and low superfluid density, i.e. large 0λ .  

5 Here we use CGS units.

6 The triangular vortex lattice always gives the ground state for temperatures 
sufficiently close to Tc and for sufficiently small magnetic fields. However, 
in several clean superconducting materials, such as YBa2Cu3O7 (Brown et al 
2004) or borocarbides (De Wilde et al 1997, Sakata et al 2000), the sym-
metry of the electronic structure favors a square vortex lattice within a wide 
region of the temperature-magnetic field phase diagram.
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For cuprates one finds Gi 2 10 2∼ ⋅ −  which is much higher than 
for conventional clean low-Tc materials, where Gi  <  10−7. 
For iron-based superconductors the Ginzburg number 
Gi 10 104 3= −− −  is somewhat smaller than for cuprate HTSs 
but still much larger than for conventional superconductors.

Thermal fluctuations are especially pronounced in the vor-
tex state. For the treatment of these fluctuations and interac-
tion with disorder, one has to consider small displacements 
u r( ) with respect to the equilibrium ground-state configura-
tion, see figure 3. We consider first an isolated vortex line. In 
anisotropic superconductors, the vortex line is highly flexible 
and can deform easily either due to thermal noise or interac-
tions with defects. A periodic displacement of the line from the 
equilibrium position, u z u k zcos z0( ) ( )=  with kz

1 1λ ξ− −� � , 
costs energy per unit length of k k uz z1

2
0
2( )ε . Here the effective 

line tension kz1( )ε  consists of two contributions (Brandt 
1995). The first term, k klnz z1

1
0

2( ) ( / ) ( / )( ) γ γ ξ≈ε ε , appears due 
to the kinetic energy of supercurrents along the c-axis, which 
is determined by the anisotropy factor γ. The second term, 

k k k2 ln 1z z z1
2

0
2 2 2 2( ) ( / ) ( )( ) λ λ= +ε ε , mostly comes from the 

perturbation of the magnetic part of the energy. Both terms 
are nonlocal, since they do not have the simple elastic-string 
form with kz-independent elastic tension 1ε . In moderately 
anisotropic superconductors, the first term typically domi-
nates. In this term the additional kz dependence appears only 
under the logarithm, meaning that the nonlocality is weak. In 
most cases, this weak nonlocality is not essential and a vor-
tex line is frequently approximated by an elastic string with 
the line tension Lln k1 0

2( / ) ( / )γ γ ξ≈ε ε , where Lk is the cutoff 
length determined by the typical kz in the problem under 
consideration.

In the case of a vortex crystal, small displacements u r( ) 
with respect to the ideal lattice position cost elastic energy, 
similar to usual atomic crystals. This energy cost has to be 
evaluated by taking into account the long-range interactions 
between the vortex lines leading to the following result, see, 
e.g. Brandt (1995),
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are the bulk, shear, and tilt moduli for the field range 
H B Hc1 c2� � . The second term in C k44( ) comes from the 
elastic tension of isolated lines. The strong k dependence of 
the bulk and tilt moduli reflects nonlocality caused by long-
range interactions. For small k, the shear modulus C66 is much 
smaller than the bulk modulus C k11( ) and hence the energy 
cost for shear deformations is much smaller than for compres-
sion. The elastic energy provides a basis for the analysis of 
thermal fluctuations of the vortex lattice and its response to 
disorder.

2.3.  Vortex phase diagram

The Abrikosov lattice can be destroyed either by thermal 
fluctuations or by strong disorder. At finite temperatures the 
vortex lines wiggle around their equilibrium positions due to 
thermal noise, see figure 3. The amplitude of these fluctua-
tions u2⟨ ⟩ is determined by the shear part of elastic energy (4). 
In clean materials the lattice melts when the typical fluctua-

tion displacement u uf
2⟨ ⟩=  reaches a certain fraction of 

the vortex-lattice spacing (Lindemann criterion), u c af L=  
where c 0.1L≈ –0.2 is the Lindemann number. The vortex 
liquid phase emerging above the melting line is composed 
of entangled and mobile vortex lines. Similar to atomic mat-
ter, the melting is a 1st-order transition. In particular, it is 
accompanied by jumps in the resistivity, specific heat, and 
equilibrium magnetization. The melting temperature has been 
evaluated first using the Lindemann criterion (Houghton et al 
1989) and then accurately computed in numerical simula-
tions (Koshelev and Nordborg 1999) giving T a0.1m 0 /γ≈ ε  for 
H B Hc1 c2� � . Thermodynamic measurements of the melting 
transition have been reported in several experimental papers, 
see e.g. Pastoriza et al (1994), Zeldov et al (1995), Schilling 
et al (1996) and Welp et al (1996). The melting line for dis
order-free materials is shown in figure 4. Due to strong ther-
mal fluctuations in cuprate HTSs, the melting magnetic field 
at fixed temperature lies considerably below the upper critical 
field Hc2 above which the material becomes normal, and the 
liquid phase occupies a significant portion of the phase dia-
gram. This has large ramifications for potential applications 
since the vortex liquid cannot easily be pinned by defects. In 
contrast, in conventional low-Tc superconductors the melting 
field and Hc2 practically coincide.

Figure 3.  Elastic deformations of vortices u r( ) with respect to ideal 
lattice positions. Such deformations can be caused by either thermal 
noise or interactions with defects.
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Disorder in the superconducting material drives vortices off 
their equilibrium lattice positions destroying long-range crys-
talline order (Larkin and Ovchinnikov 1979). However, for 
sufficiently weak disorder and relatively low magnetic fields 
quasi-long-range order can persist and Bragg peaks in the 
structure factor are preserved. The vortex lattice in the pres-
ence of relatively weak disorder is frequently called a Bragg 
glass (Giamarchi and Le Doussal 1995, Emig et  al 1999, 
Nattermann and Scheidl 2000). Analogous to the Abrikosov 
lattice, the Bragg glass transforms into the vortex liquid at the 
melting point via a 1st-order phase transition. With increas-
ing strength of disorder at low temperatures, the quasi-long-
range order is destroyed and the Bragg glass transforms into 
an amorphous vortex glass, see figure 4. This transition also 
takes place with increasing magnetic fields, as demonstrated 
by the Lindemann analysis in Ertaş and Nelson (1996). In 
strongly disordered superconductors, the Bragg-glass state is 
absent. The most essential dynamic feature of the glass states 
is the vanishing of the linear resistivity, J E J 0( ) / →ρ =  for 
J 0→ . With increasing temperature, the vortex glass melts 
into the vortex liquid via a continuous phase transition at 
which finite resistivity emerges (Fisher 1989). Another exper
imental signature of the transition into the vortex-glass phase 
is the emergence of a hysteretic magnetization, signaling vor-
tex pinning and the flow of persistent supercurrents. In fact, 

the magnetization hysteresis, that is the difference in mag-
netization measured on increasing and decreasing magnetic 
fields, is a direct measure of the critical current density (Bean 
1964, Gyorgy et al 1989). The temperature-dependent magn
etic field line separating irreversible and reversible regimes is 
known as the irreversibility line and is usually very close to 
the glass transition line, H Tg( ).

2.4.  Interaction of vortices with defect pinning centers

Disorder caused by different types of crystalline defects plays 
a very special role in the physics of vortex matter because 
it is responsible for pinning and immobilization of vorti-
ces, thereby restoring the capability of the superconductor 
to carry dissipation-free currents. The types of defects are 
pointlike pinning centers (impurities, vacancies, inclusions), 
one-dimensional defects (dislocations, irradiation tracks), and 
two-dimensional defects (twin boundaries, stacking faults). 
One- and two-dimensional defects are also referred to as cor-
related pinning sites. Figure  5 shows schematics of vortex 
configurations in pinning structures of various dimensionality.

Point defects are the most typical and most studied pin-
ning centers. The interaction of an isolated pin with a vortex 
is characterized by the pinning energy and the pin-breaking 
force. One can separate weak pins, e.g. atomic defects, from 
strong pins, which have dimensions comparable to the coher-
ence length.

2.4.1.  Atomic defects: δTc and δl pinning.  Introducing a large 
number of atomic defects influences not only pinning of vor-
tices, but also macroscopic superconducting properties. The 
impact of impurities on superconductivity is determined by 
their electronic configurations as well as symmetry of the 
superconducting order parameter. Recent advances in scanning 
tunneling microscopy (Fischer et al 2007, Hoffman 2011) have 
enabled the investigation of the electronic structure of sepa-
rate defects. Experimental and theoretical studies of impurity 
effects in conventional and unconventional superconductors 
have developed into a separate large field (Balatsky et al 2006).

The microscopic structure of atomic defects is manifested 
by their electronic scattering properties, which can be either 
purely of potential or of magnetic type. Within the theoretical 
BCS framework, potential-type impurities in isotropic s-wave 
superconductors do not influence the transition temperature 
(Anderson theorem) (Anderson 1959). Nevertheless, such non 
pair-breaking impurities affect other important properties of 
superconductors. In particular, they enhance the upper critical 
field and suppress the superfluid density. Both effects enhance 
thermal fluctuations.

The classical example of pair-breaking impurities which 
suppress superconductivity is given by magnetic impurities 
(Abrikosov and Gor’kov 1960). In superconductors with 
unconventional order parameters, such as a d-wave order 
parameter in cuprate HTSs, potential-type impurities are also 
pair breakers and suppress Tc.7

Figure 4.  Schematic vortex phase diagrams of an anisotropic 3D 
superconductor for the clean case and for an intermediate degree of 
disorder. The clean system contains the Meissner phase below Hc1, 
the Abrikosov lattice phase and the liquid phase. The lattice and 
liquid phases are separated by the 1st order melting line Hm. Due to 
thermal fluctuations there is no superconducting phase coherence 
in the vortex liquid phase, the average value of the order parameter 
⟨ ⟩ψ  averages to zero, and the electrical resistance ρ is finite. The 
transition into the normal state above Hc2 is a crossover, since due 
to fluctuations, 2⟨ ⟩ψ| |  stays finite even above Hc2. In an ideally clean 
system 0ρ≠ , since any current will set the lattice in motion, see 
figure 2. With finite disorder the Abrikosov lattice gives way to the 
vortex glass phase at high fields and to the Bragg glass at low fields. 
The glass phases display phase coherence, time averages 0⟨ ⟩ψ ≠ , 
and finite resistivity 0ρ≠ . For very strong disorder, the Bragg glass 
phase disappears, and the vortex glass is the only remaining vortex 
solid phase.

7 In fact, due to strong correlation effects, superconductivity in cuprate HTSs 
is more stable with respect to disorder then one can expect for a simple BCS 
d-wave superconductor.
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The electronic scattering induced by atomic defects also 
determines their vortex-pinning properties. Defects that cause 
pair-breaking scattering, which suppresses Tc yield so-called 
Tcδ -pinning, i.e. the pinning potential of these impurities can be 

phenomenologically described by spatial variations of Tc, see 
equation (1). Non pair-breaking potential impurities in s-wave 
superconductors give rise to the so-called lδ  pinning, where l 
is the electron mean-free path. Phenomenologically, the pin-
ning potential in this case is caused by random variations of 
the coefficient in the gradient term of the Ginzburg–Landau 
energy, equation  (1). A defect can be characterized by the 
pinning energy, up, range rp and pinning force f u rp p p/∼ . In 
the case of atomic impurities the effective range rp is close to 
the coherence length ξ. The relation between pinning strength 
of atomic defects and their scattering properties was derived 
from the microscopic theory in Thuneberg et  al (1984). 
Similar results from simpler considerations were obtained in 
Blatter et al (1994).

2.4.2.  Large-size defects.  Large-size defects of several 
coherence lengths are particularly important as they produce 
strong pinning. In this section,  we analyze the parameters 
describing the interaction of vortices with large-size pinning 
centers. We consider an insulating spheroid with axes b and 
bz as a model for such a pinning site. When a vortex line is 
located on this spheroid, a piece of the vortex core with length 

bz is eliminated. This leads to so-called core pinning, because 
the condensation energy in the normal core of this vortex seg-
ment is recovered. Using the vortex line energy (2), the pin-
ning energy up can be evaluated as

( / )ε ξ≈u b b2 ln .zp 0� (7)

Another key parameter is the pin-breaking force fp. This is the 
maximum force with which the defect pinning site can act on 
the vortex and for a large-size inclusion, has a nontrivial origin. 
With increasing external force, the tips of the vortex slide along 
the surface of the inclusion until an instability develops which 
leads to the reconnection of the tips near the equator of the 
spheroid and subsequent depinning of the vortex, as illustrated 
in figure  6. In this scenario, the pin-breaking force is deter-
mined mostly by the line tension of the vortices rather than by 
the defect pinning parameters, contrary to small defects. The 
evaluation of the external force at which the sliding vortex tips 
meet near the equator gives the following estimate

f
b

2 ln ,z

c
p

0ε
γ ξ

≈� (8)

where cξ  is the c-axis coherence length.
An important feature is that the interaction of the vortex 

line with a remote pin is long-ranged. This long-range interac-
tion appears due to the perturbation of the supercurrent around 
the vortex caused by the inclusion. In the case b bz /γ�  and 

Figure 5.  3D Illustration of vortex matter (red) in defect structures (yellow) of different dimensionality. (a) Random atomic / pointlike 
defects, (b) linear defects (irradiation induced tracks, synthesited self-assembled nanorods, dislocations), (c) planar defects (twin 
boundaries, stacking faults, layered structure), (d) large random defects (rare earth oxide precipitates, irradiation collision cascades, defect 
clusters, voids). All figures created using time-dependent Ginzburg–Landau equations, see section 4.2. The bottom plane-cuts show the 
distribution of the superconducting order parameter amplitude or condensate density (blue: high, red: low).

Figure 6.  Visualization of depinning of a vortex line from a large-size defect obtained from simulations using the time-dependent Ginburg-
Landau model. Magnetic field (B), applied current (J) and resulting Lorentz force (FL) are indicated.
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for distances between the vortex and pin r within the range 
b r λ� � , the interaction energy is given by

U r
V

r

2
,i

0 p

2
( )

ε
π

≈−� (9)

where V b b4 3 zp
2( / )π=  is the volume of the pinning site. This 

long-range interaction facilitates the trapping of vortices by 
the pins.

2.4.3.  Magnetic inclusions.  Ferromagnetic inclusions car-
rying a magnetic moment may have additional benefits for 
efficient pinning.8 A magnetic particle generates circulating 
screening supercurrents around it leading to an additional 
long-range interaction with vortex lines acting on the length 
scale of the London penetration depth, λ (Snezhko et  al 
2005). If the particle magnetization M is too large, it can gen-
erate generate vortex loops by itself (Doria et al 2007). For 
a spherical particle with radius b, vortex loops are created 
when the particle magnetization exceeds the critical value, 

M b4 cr 0
2/π π= Φ . We limit ourselves to the case M Mcr<  here. 

For a particle with radius b λ�  magnetized along the z direc-
tion, the screening current at distance ρ from the particle cen-
ter can be approximately expressed as (Snezhko et al 2005)

j
cMb b

,
3

1 exp sin ,
3

2 2
( ) ⎜ ⎟⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠ρ θ

λ ρ
ρ
λ

ρ
λ

θ≈ + −
−

ϕ� (10)

where ϕ and θ are the polar angles. Hence a straight vortex 
line along the z axis at a distance r from the particle within 
the range b r λ< � , experiences a magnetic interaction force 
given by

f r
c

j r z r z z
Mb

r
, , , d

2

3
.M

0 0
3

2
( ) [ ( ) ( )]∫ ρ θ

λ
=
Φ

≈
Φ

ϕ
−∞

∞
� (11)

This force decays very slowly as 1/r with distance. In contrast, 
as follows from equation  (9), the core-pinning force decays 
much faster, as 1/r3. The maximum magnetic pinning force at 
r b∼  can be estimated as

f
Mb

.M p,
0

2

2
�

λ
Φ

� (12)

For large-size particles and/or large M, the above equa-
tion  probably overestimates the pinning force, because it 
neglects deformations of the vortex line caused by the interac-
tion with the particle. The magnetic pinning energy for the 
vortex line located at the particle is approximately

u
Mb

b
2

3
ln .M p,

0
3

2
( / )

λ
λ≈

Φ
� (13)

As expected, for M Mcr=  it is approximately given by the 
energy of the vortex segment inside the particle, u bM p,

max
0ε≈ , 

similar to the core-pinning energy, equation (7).
The above results are obtained for the optimal configuration 

when the particle magnetization is aligned with the direction 

of the magnetic field. In this case, the direct benefit of the par-
ticle’s magnetic moment is enhancement of the pin-breaking 
force and pinning energy. Furthermore, the long-range tail in 
the interaction should improve pinning efficiency as it allows 
particles to capture moving vortices at larger distances. At 
small magnetic fields, this should increase the fraction of pin 
sites trapping the vortex lines. One can also expect the long-
range interactions to suppress the vortex creep rate.

Experimental studies of magnetic pinning were initiated 
in pioneering papers on Fe particles in Hg-In alloy (Alden 
and Livingston 1966a, 1966b) and Gd particles in Nb (Koch 
and Love 1969, Palau et al 2007). Later, pinning by Ni and 
Fe particle has been studied in practically important NbTi 
wires (Rizzo et al 1996). More recently, bulk magnetic pin-
ning has been extensively investigated in MgB2 containing dif-
ferent magnetic nanoparticles (Prozorov et al 2003, Snezhko 
et  al 2005, Sandu and Chee 2014, Novosel et  al 2015). As 
for cuprate HTS, magnetic pinning has been studied in thin 
films (Wimbush et al 2010) and in bulk polycrystalline mat
erials (Tsuzuki et  al 2011, Dong et  al 2014). It was found 
that a small amount of magnetic particles enhances the criti-
cal currents. However, this enhancement is typically quite 
moderate and it is challenging to prove experimentally that 
the enhancement is a direct result of the particles’ magnet-
ism. We should also note that, at present, record-high critical 
currents in the best high-performance superconducting mat
erials are achieved using nonmagnetic inclusions, as it will be 
discussed below in section 3. Nevertheless, magnetic pinning 
remains a viable route to increasing critical currents in practi-
cal superconductors.

2.5.  Basic pinning scenarios

The emergence of macroscopic pinning forces from the collec-
tive action of multiple randomly-located pins is a long-stand-
ing nontrivial problem (Campbell and Evetts 1972). Consider 
random pins with density np, where each pin is characterized 
by the pinning energy up, the maximum pinning force fp and 
the typical range rp (for atomic pins rp ξ≈ ). Depending on 
these pinning parameters and vortex density set by the magn
etic field, many regimes can be realized. Two major scenarios 
are known as collective pinning and strong pinning9 and each 
of them can be further subdivided into single-vortex or lattice 
regimes.

In the lattice regime for small np, the transition between 
the collective and strong pinning scenarios follows from the 
consideration of the interaction of an isolated pin with the lat-
tice (Blatter et al 2004). The pin located at distance r from the 
nearest vortex line causes the displacement of this line by u(r). 
If the pin is weak then the function u(r) is single valued and 
the formal averaging over all pin positions gives zero bulk pin-
ning force. In this collective regime, a nonzero macroscopic 
pinning force appears due to fluctuations of the macroscopic 
disorder potential arising from many impurities (Larkin and 

8 We focus here only on bulk magnetic pinning and do not consider pinning 
by external magnetic structures in patterned superconductor-ferromagnet 
bilayers, which is a separate extended field, see, e.g. reviews (Lyuksyutov 
and Pokrovsky 2005, Aladyshkin et al 2009).

9 To avoid confusion, we note that in this context the term ‘strong pinning’ 
refers to pinning by a dilute array of strong defects, and not to pinning land-
scapes leading to high critical currents.
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Ovchinnikov 1979), as discussed in detail in the next section. 
For a sufficiently strong pin, the function u(r) becomes multi-
valued within some range of r. This happens when the pinning 
force satisfies the so-called Labusch criterion

f f r
B4

.p Lab p
0

0 1
π
ε ε> =

Φ
� (14)

In this case for a dynamically trapped vortex lattice, the 
averaging over pins yields a finite bulk pinning force. In the 
strong-pinning lattice regime, the pins act independently such 
that the bulk pinning force is proportional to their density np.

The phase diagram of figure  7 from Blatter et  al (2004) 
summarizes the possible pinning regimes at fixed magnetic 
field. The lattice collective pinning regime (3D wcp) is realized 
at small fp. For f fp Lab>  and small pin densities, the system is 
in the lattice strong-pinning regime (3D sp). With increasing 
np, the system first crosses into the single-line strong-pinning 
regime (1D sp). Further increase of np causes another crosso-
ver into the single-line collective-pinning regime (1D cp). In 
the following sections, we discuss the behavior of critical cur
rents in the different parts of this phase diagram, as its impor-
tance will be apparent when addressing the critical currents of 
high-performance superconductors at various magnetic fields.

2.5.1.  Collective pinning.  In this section, for completeness, 
we briefly review the collective pinning caused by large num-
bers of weak pinning centers (Larkin and Ovchinnikov 1979, 
Blatter et  al 1994). As mentioned above, a finite pinning 
force in this case appears due to fluctuations of the disorder 
potential. The lattice splits into independently pinned regions 
called Larkin domains. On the scale of the domain, the dis
order-induced lattice displacements from the equilibrium 
positions are of the order of the pinning potential range rp.  
The domain size is set by the Larkin lengths which are 

determined by the interplay between disorder fluctuations 
and elasticity. The key observation is that the softer lattice 
adjusts more easily to the pinning potential and results in 
higher critical currents.

We consider first the single-vortex regime. A straight vor-
tex can lower its energy by adjusting to the random pinning 
potential via smooth deformations. If a vortex segment with 
length L is displaced by a distance rp, the typical variation 
of the random energy can be estimated as N L up( ) , where 
N L n Lrp p

2( ) =  is the average number of pins in the volume 
Lrp

2. This gain in the random energy must be compared with 
the loss of the elastic energy r L1 p

2/ε  so that the total variation 
of energy can be estimated as

E L
r

L
n Lr u .1

p
2

p p
2

p( )δ ε= −� (15)

Minimizing this energy with respect to L gives the following 
estimate for the Larkin length

ε
≈

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟L

r

n u
.c0

1 p

p p

2 3/

� (16)

The critical current is proportional to the typical random force 
per unit length acting on the vortex section with length equal 

to the Larkin length N L u r L n L uc cc p p 0 p 0 p( ) / /=  and leads 
to the following well-known result

/

ε
Φ

= =
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟c

J
n u

L

n u

r
.

c

0
c

p p

0

p
2

p
4

1 p

1 3

The pinning is collective when the volume L rc0 p
2 contains 

many impurities n L r 1cp 0 p
2�  giving the following condition

ε
�n

u

r
.p

p

1 p
4

This corresponds to the line separating ‘1D sp’ and ‘1D cp’ 
regions in the phase diagram, figure 7.

In the lattice regime, the Larkin domain has two typical 
dimensions, one along the field, Lc and the other in the trans-
verse direction, Rc  >  a. Collective pinning estimates for this 
regime are complicated by the dispersion of the tilt modulus, 
equation  (6). We limit ourselves to the local case when the 
Larkin length Rc is larger than the London penetration depth. 
Estimates for the general case can be found, e.g. in the review 
(Blatter et  al 1994). As C C66 11� , the lattice adjusts to the 
random potential mostly by shear deformations. Therefore the 
typical energy variation due to the displacement of the volume 
LR2 by a distance rp is given by

E L R C
r

R
C

r

L
LR n Lr n R u, .v66

p
2

2 44
0 p

2

2
2

p p
2 2

p( ) ( )
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟δ = + −

Here, the combination under the square root is the total num-
ber of pins in the vortex cores within the considered volume 
and C B 444

0 2/( ) π=  is the small-k tilt modulus. Minimization 
with respect to R and L gives

Figure 7.  Pinning diagram delineating the various regimes 
involving collective versus individual pinning and 1D-line versus 
3D-bulk pinning ( fLab denotes the Labusch force): 3D wcp, bulk 
weak collective pinning; 1D cp, collective line pinning; 1D sp, 
strong line pinning; 3D sp, bulk strong pinning. Lines refer to 
crossovers. (Reprinted figure with permission from Blatter et al 
(2004). Copyright (2004) by the American Physical Society.)
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p p
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=� (17)

/ ( )

=R
C C r
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The critical current is determined by the typical random force 
within the Larkin domain giving the following estimate

≈J
cn n u

BC C r
.

v
c

2
p
2

p
4

66
2

44
0

p
3( )� (19)

As C B66∝  and C B44
0 2( )∝ , the critical current decreases as 

B−3 in this regime. This rapid decrease of Jc is caused mostly  
by the stiffening of the lattice with increasing magnetic field. 
In the intermediate regime where a Rc λ< <  and nonlocality 
of the tilt stiffness is essential, the collective pinning theory 
predicts even faster exponential decrease of the critical current 
with increasing magnetic field, [ ( / ) ]/γ∝ − ΦJ L Bexp cc

3
0

3
0

3 2 . 
The dependences of Jc on B and np for the collective pinning 
are summarized in the table 1.

The ideas of collective pinning are very appealing and play 
a very important role in condensed-matter physics. On the 
other hand, a strong-pinning scenario, i.e. pinning by dilute 
array of strong defects, is more important from a practical 
point of view. In the next section, we review estimates of criti-
cal currents for this scenario.

2.5.2.  Strong pinning.  For a dilute array of strong defects, 
pinning occurs via trapping of vortex segments (Ovchinnikov 
and Ivlev 1991) with typical length L between two pins, as 
illustrated in figure  8. The critical current is determined by 
this typical length of the trapped segment L and the pin-break-
ing force fp,

Φ
≈

c
J

f

L
.0

c
p

�
(20)

Therefore, in the strong-pinning regime, the critical-current 
problem is reduced to the evaluation of the trapped-segment 
length L, which is the result of a complex interplay between 
the vortex-pin interaction, the line tension and the interaction 
between the vortex lines.

Single vortex.  In this section, we evaluate the critical current 
for an isolated vortex interacting with strong pinning centers 
(Blatter et al 2004, Koshelev and Kolton 2011). The motion 
of the vortex line stops when the driving force drops below 
the critical value. The following two considerations determine 
the structure of the pinned vortex line: (i) when the vortex 
passes near the pinning center, it may be trapped and (ii) the 
vortex remains trapped as long as the force transmitted by the 
trapped segment onto the pin does not exceed the pin-breaking 
force. When a moving vortex line is trapped, the typical trap-
ping distance between the neighboring pins in the direction of 
motion, ul, is much larger than the corresponding distance in 
the transverse direction, ut, see figure 8. The longitudinal trap-
ping distance, ul, is determined by the pin-breaking condition,

u

L
f .1

l
pε =� (21)

While the transverse displacement between the pins ut is deter-
mined by the condition for trapping. The simplest assumption 
is that trapping typically occurs when the vortex lines directly 
collide with the pins (Blatter et al 2004) giving u bt≈ . The 
trapped-segment length L and distances ul,t are connected by 
the geometrical relation

Table 1.  Dependences of the critical current on magnetic field and 
pin density in different pinning regimes for B Hc2� .

Strong pinning

Collective
Direct 
collision

Trapping 
instability

All pins 
occupied

Single-
vortex

np
2 3/ np np

4 9/

Lattice Rc λ< Rc λ> n Bp/ n Bp
5 8/− n Bp/

B nexp 3 2
p( / )/α− n Bp

2 3/

Note: In the strong-pinning regime trappings of vortices by direct collisions 
with pinning centers or due to instability caused by long-range interactions 
lead to somewhat different dependences (see text).

Figure 8.  Upper figures illustrate a dynamically trapped vortex 
line (side and top views). The typical displacement in the direction 
of motion ul is much larger than the displacement in the transversal 
direction ut. Lower figure is a visualization of the pinned line 
configuration obtained from a Langevin dynamics simulation, see 
section 4.1. Shadow projections on the axis planes illustrate line 
displacements in the different directions. The definitions of the 
trapping parameters L and ul,t are also illustrated. (Adapted with 
permission from Koshelev and Kolton (2011). Copyright (2011) by 
the American Physical Society.)
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=n Lu u 1p l t� (22)

where np is the pin density. Using the above two equations, we 
obtain estimates for ul and L

u
f

n b
L

n b f
, .l

p

p 1

1

p pε
ε

= = � (23)

This corresponds to the following result for the critical current

/

ε
Φ

=
c

J C f
n b

.j
0

c p
3 2 p

1
� (24)

with C 1j∼ .
The simplest assumption u bt≈ , however, may under-

estimate ut. Due to the long-range pin-vortex interaction 
(9), a pinning center may capture the vortex line even with-
out direct collisions. Consideration of the trapping insta-
bility (Koshelev and Kolton 2011) leads to the following 
estimate u LVt 0 p 1

1 4( / ) /ε ε= . The corresponding estimate for 
critical current suggests that it should scale with pin density as 

∝J nc p
4 9/ . However, the numerical simulations (Koshelev and 

Kolton 2011) actually agree better with the simple estimate 
(24) and yield the numerical constant, C 1.9j≈ .

Vortex lattice.  With increasing magnetic field the interactions 
between the vortices become important and they start to com-
pete for pinning sites. This leads to a decrease of the critical 
current with magnetic field. We consider pinning of the vortex 
lattice by dilute strong pinning sites (Ovchinnikov and Ivlev 
1991). In the pinned state at moderate magnetic fields, only 
pin sites close to the ideal lattice positions are occupied with 
vortices, see figure 9. These sites are located within the so-
called trapping area. As in the single-vortex case, due to its 
dynamic origin, this area is highly anisotropic. The trapping 

distance in the direction of motion, ul, is much larger than the 
trapping distance in the transverse direction, ut. If we again 
assume that the vortex line is trapped when it directly col-
lides with the pinsite, then the transverse trapping distance is 
given by the pin size, u bt≈ . The longitudinal distance ul is 
determined by the condition for detrapping, which is stronly 
influenced by the vortex interactions. The elastic force acting 
on a vortex point displaced by a distance u from the equilib-
rium position is Cu¯ . The spring constant C̄ is related to the 
elastic moduli as

⎛

⎝
⎜⎜

⎞

⎠
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C k C k C k C k
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k k k
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1 1
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z z
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π ε ε
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≈
Φ

−¯
( ) ( ) ( ) ( )∥ ∥

�

(25)

where the integration over the in-plane wave vector k∥ is per-
formed over the Brillouin zone of the vortex lattice. Therefore, 
the pinsite can hold the vortex line as long as u u f Cl p / ¯< ≈ .

The critical current is related to the trapping area u ul t by

Φ
≈

c
J f n u u .0
c p p l t� (26)

Using the above estimates for ul,t, we obtain

¯≈
Φ

J
cn f b

C
.c

p p
2

0

� (27)

Since C B¯ ∝ , the critical current in this regime decreases as 
B1/ .
On general grounds, however, we again can expect that 

the value u bt∼  underestimates ut, because the pinsite can 
trap remote vortices due to the long-range interaction (9). A 
more elaborate evaluation of ut, taking into account the trap-
ping instability (Ovchinnikov and Ivlev 1991) gives u at

1 4/∝ , 
which leads to a larger power exponent /∝ −J Bc

5 8.
The fraction of pin sites occupied by vortices slowly 

increases with magnetic field. Above a certain field, all pin 
sites become occupied, marking the crossover to a new 
regime. In this regime, one arrives at a simple estimate of the 
critical current

/=J C cn f Bc 1 p p� (28)

with C 11� .
We can conclude that the signature of the strong pinning 

scenario is the existence of two field regimes, where the criti-
cal current decays according to a power-law with the expo-
nents 0.5∼  and 1. Table  1 summarizes dependences of the 
critical current on magnetic field and pin density for both col-
lective and strong pinning regimes. Note, however, that the 
high-field estimates presented in this section assume pinning 
of the regular vortex lattice, which is only justified for low 
pin density. Currently, there are no good analytical descrip-
tions for the important cases when defects occupy a notice-
able volume fraction of the material. However, these cases 
can be investigated using large-scale numerical simulations, 
as described below in section 4.

Figure 9.  Schematic configuration of one row of the vortex lattice 
pinned by dilute strong centers. Only pin sites close to the lattice 
positions are occupied.
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2.6. Thermal creep

A key property of the pinned vortex state is the existence of 
multiple metastable states that are separated by potential barri-
ers, see figures 10(a) and (b). At finite temperatures, the vortex 
lattice can move between these states via rare thermally acti-
vated jumps. As a consequence, vortices can move even for 
currents below the nominal critical current. This slow motion 
is known as vortex creep. The average vortex velocity v and 
voltage are determined by the creep barrier U which depends 
on current and magnetic field, v U B J k Texp , B[ ( )/ ]∝ − . In addi-
tion, U also decreases with temperature due to the temperature 
dependence of the superconducting parameters. The creep bar-
rier is determined by the size and shape of the critical nucleus 
for the typical metastable state which is necessary to trigger 
a single jump event, see figure 10. The critical nucleus may 
contain a single vortex or several vortices (vortex bundle). The 
key property of the glass states is the divergence of the bar-
riers for J 0→ , which is caused by the growth of the critical 
nucleus with decreasing current (Blatter et al 1994). The col-
lective creep theory (Feigel’man et al 1989, Blatter et al 1994) 
suggests a power-law divergence of the creep barrier,

= µU J U J J0 c( ) ( / )� (29)

where the index μ depends on the creep regime ( 1 7/µ =  for 
single-line creep, 3 2/µ =  for bundles smaller that the London 
penetration depth λ, and 7 9/µ =  for bundles larger than λ).

Experimentally, creep manifests itself in the time decay 
of the irreversible magnetization M(t) (see figure 10(c)). This 
magnetization is proportional to the persistent current J flowing 
in the sample, M t J t( ) ( )∝ , which relaxes due to slow motion 
of the vortices with the relaxation rate being determined by 
the creep barrier, J t U J k Td d exp B/ [ ( )/ ]∝− − . For small 
changes of the persistent currents, one can expand the bar-
rier (but not the exponent!), U J U U J J t Jd d 00( ) / [ ( ) ( )]≈ + −  
with U Jd d 0/ < . Such approximation gives a logarithmic time 
dependence of the magnetization (Anderson and Kim 1964), 
M t M M S t t0 0 ln 0[ ( ) ( )]/ ( ) ( / )− = − , where the creep rate S is 
related to the barrier U(J) as

=−
−
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d

d
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This logarithmic law holds as long as the relative changes of 
the magnetization are small.

Due to the large amplitude of thermal fluctuations, thermal 
creep in HTSs is much stronger than in conventional supercon-
ductors (Yeshurun et al 1996). In the typical HTS creep exper-
iment, the initial persistent current is already relaxed to values 
which are much smaller than the nominal pre-creep critical 
current. This experimental persistent current is determined by 
the condition U J C k TT B( ) = , where C t tln 20T exp 0( / )≈ ∼ –30 
is a large constant which is determined by the macroscopic 
time scale needed to prepare the initial state, t 10exp∼ –30 s, 
and the microscopic time related to the attempt frequency, 
t 10 100

8 6∼ −− −  s. This means that for the power-law barrier 
(29) the creep rate (30) can be estimated as S C1 T/( )µ=  and 
only weakly depends on temperature. This reasoning natu-
rally explains the temperature dependence of the creep rate 
which typically exhibits a wide plateau where S  =  0.02–0.04 
(Yeshurun et al 1996). An interpolation formula was proposed 
to describe the low-temperature region, where creep has only 
a small influence on the apparent critical current (Malozemoff 
and Fisher 1990),

S k T U k T t tln .B 0 B exp 0/ [ ( / )]µ= +� (31)

This formula qualitatively describes the behavior of creep 
rates in high-temperature superconductors.

In general, for multiple defects, the current dependence 
of the creep barrier may not have a simple form. The magn
etic-relaxation data for different temperatures may be used to 
restore the current dependence of the creep barrier. A well-
known method for such restoration is the Maley analysis 
(Maley et al 1990), which is based on the observation that as 
| | = −/ ( / )M t C U k Td d expM B , the barrier U can be expressed by

U k T M t k T Cln d d ln .MB B( / )= − | | +� (32)

The current-dependent barrier can be obtained by plotting 
k T M tln d dB /| | versus M J∝  for different temperatures and 
selecting the factor Cln M so that all pieces collapse into a sin-
gle curve. The higher-temperature pieces provide the lower-
current regions of the dependence U(J). Strictly speaking, this 
procedure only works if the explicit temperature dependence 
of the barrier can be neglected. This is a reasonable approx
imation for /<T T 2c . One can take into account the temperature 

Figure 10.  (a) Illustration of two metastable states of a pinned 
vortex (marked by 1 and 2) separated by the potential barrier U. 
Jump from the initial state 1 into the next state 2 may occur because 
of thermal noise. Such a jump is only possible after a rare strong 
fluctuation in the form of a critical nucleus is generated (dashed 
line). Slow creep motion of vortices is due to such jumps. (b) The 
dependence of the energy E on the vortex displacement u from 
the initial state. (c) Schematic magnetization loop for a strong-
pinning superconductor showing pronounced hysteresic behavior. 
The arrows mark the magnetic-field sweep direction. In the case of 
strong pinning the equilibrium magnetization is usually small as 
compared to the hysteretic magnetization. When the applied field 
is held constant, the magnetization relaxes towards the equilibrium 
magnetization (vertical red arrow) via vortex creep. The small 
circles track time evolution of the relaxed magnetization.
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dependence of the barrier if it can be represented in a simple 
factorizable form (Polat et al 2011), U(J, T )  =  U(J, 0)G(T ). 
In this case equation (32) can be modified as

U J
k T M t k T C

G T
, 0

ln d d ln
.MB B( )

( / )
( )

=
− | | +

� (33)

This approach is justified if a reasonably simple functional 
form of G(T ) provides a good collapse of the different-
temperature pieces into a single smooth curve, as it was found 
for = −G T T T1 c

2( ) ( / )  in Polat et al (2011).
Alternatively, one can restore the barrier directly from the 

temperature-dependent creep rate S(T ). Using the relation 
U J C k TT B( ) =  together with equation (30) results in the fol-
lowing relation
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where numerical evaluation of the integral on the left-hand 
side, followed by replacement T U C kT B→ /  gives implicitly 
the current-dependent barrier.

In addition to relaxing the hysteretic magnetization, vor-
tex creep strongly influences the transport properties. Since a 
finite voltage exists for all applied currents, the critical current 
at finite temperature does not have an exact meaning and is 
sensitive to the voltage criterion which is used to define it. Due 
to the high creep rates in HTSs, the apparent critical current 
is typically strongly suppressed by vortex creep. In fact, the 
commonly-used criterion for the determination of critical cur
rent in transport measurements, E 1∼  μV cm−1, corresponds 
to the creep regime where the voltage is mostly determined 
by the barrier U(J), E U J k Texp B[ ( )/ ]∝ − . In this range of cur
rents, the common experimental way to describe the shape of 
the current–voltage (IV) dependences is to fit them to a power 
law E Jn∝  with the temperature dependent exponent n 1� . If 
the power-law dependence would hold in the entire range of 
currents, it would correspond to the logarithmically diverg-
ing barrier, =U U J Jln0 c( / ) and n U k T0 B/= . A fit of a simple 
power-law to the current is usually only possible within a nar-
row current interval. More precisely, the exponent n has to 
be interpreted as the logarithmic derivative n E Jd ln d ln/=  
at the current where the fit is done. In this case n is related to 
the creep rate as n S1/≈ . The typical voltages probed in trans-
port measurements are 5–6 orders of magnitude larger than 
voltages probed in magnetization relaxation measurements 
meaning that these experiments explore very different parts of 
the current–voltage curve and give the creep barrier U(J) for 
different currents.

The most prominent consequence of large creep in high-
temperature superconductors is the strong suppression of the 
apparent critical current. Therefore, mitigating vortex creep 
is one of the most important routes to enhance the practical 
current-carrying capabilities of HTS materials.

2.7.  Columnar defects

Extended one-dimensional defects with lateral sizes larger 
than the coherence length are the most efficient pinning 

centers for small magnetic fields aligned with them because 
such defects are capable of trapping individual vortices over 
their entire length. Examples of physical realizations of one-
dimensional defects are dislocations, heavy-ion irradiation 
tracks, and self-assembled nanorods. The latter two will be 
described in more detail in the following sections. The den-
sity of columnar defects, nd, is commonly characterized by 
the dose-matching field B n0 d= ΦΦ , where at B B= Φ there is 
one columnar defect per vortex line. In this section we only 
discuss the relatively simple case of a small magnetic field 
B B< Φ. Behavior at high magnetic fields is considered in 
Blatter et al (1994).

For a single vortex line pinned by a cylindrical insulating 
defect with radius b ξ>  the pinning energy per unit length, 
U blnp 0 ( / )ξ= ε , is comparable with the line energy lε . In this 
case the critical current Jc required to tear the vortex line away 
from the defect at low temperatures is close to the depairing 
current Jdp. At finite temperatures, the vortex line can escape 
from the columnar defect for <J Jc. To overcome the barrier, 
a critical nucleus has to be formed. For an isolated defect, the 
critical nucleus has the shape of an elliptical vortex half loop 
with the vertical semi-axis γ times smaller than the horizontal 
semi-axis, as illustrated in figure 11. The energy of such a half 
loop contains contributions from the loss of pinning energy, 
elastic tension, and interaction with the current

U R
R b

R
R

c

R
Jln ln

2
,loop 0

0 0
2

( )
γ ξ

π
γ ξ

π
γ

≈ + −
Φ

ε
ε

where R is the horizontal size of the half loop. The barrier 
is given by the maximum of U Rloop( ), which corresponds to 
the critical half loop. We can see that for R b�  the pinning-
energy term is smaller than the elastic-tension term and can 
be neglected. Finding the maximum gives the critical size of 
the half loop

Figure 11.  The schematic current dependence of the creep barrier 
for an array of parallel columnar defects in the case of an isolated 
vortex line. The crossovers between vortex loop, kink and variable-
range hopping (VRH) regimes are illustrated.
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which in this regime increases as 1/J.
The critical half-loop size Rcr increases with decreasing 

current. For a finite density of columns, Rcr becomes compa-
rable with the typical distance between the columns aΦ at the 
current

J
c

a

R
lncd

0

0

cr

ξ
≈
Φ Φ

ε

marking the crossover to a new vortex kink regime. Below 
this current, the vortex lines move by forming kinks between 
neighboring columnar defects, see figure 11. These kinks then 
freely slide along the column direction. The barrier in this 
regime is given by the kink energy

U
a a

ln ,k
0

γ ξ
≈ Φ Φε

� (36)

which depends only weakly on the current. These sliding 
kinks significantly reduce the pinning efficiency of the colum-
nar defects, since they allow for sliding vertical motion.

The kink mechanism assumes that the pinning energies of 
all columnar defects are identical and therefore it is always 
energetically favorable to transfer a vortex to the neighboring 
column in the direction of the Lorentz force. In reality, how-
ever, there are always small variations of the pinning energies 
from defect to defect, Upδ . One reason for such variations is 
the long-range interaction between columns and vortices. At 
sufficiently small current, J c U a0 p/ /δΦ < Φ, these variations 
become essential. At small currents the vortex line cannot 
simply jump to the neighboring defect but must find a remote 
optimal column which has a lower energy (Blatter et al 1994). 
This regime of motion is somewhat similar to the Mott varia-
ble-range hopping mechanism in disordered semiconductors. 
Estimates based on the same qualitative arguments (Blatter 
et  al 1994) yield a barrier which diverges with decreasing 
current as U J 1 3/∝ − . This divergence implies a glassy ground 
state of the system which is called the Bose glass (Nelson and 
Vinokur 1993).

As the creep rate is proportional to the inverse derivative 
of U(J ), equation (30), figure 11 suggests the occurrence of 
a pronounced maximum in S at the temperature T U Ck k T/≈  in 
the kink-dominated regime. Creep measurements (Thompson 
et al 1997) on YBCO crystals that have been irradiated with 
heavy ions to create columnar defects indeed reveal a strong 
maximum in S(T ) near 20 K, a temperature at which the cir-
culating currents tune the system into the kink-regime.

2.8.  Benefits of mixed pinning landscapes

In previous sections we considered model systems when only 
one type of pinning center was present. Real materials typi-
cally have multiple defects differing in dimensionality and 

size. A quantitative description of such mixed pinning land-
scapes is not available. In many situations, effects of several 
types of defects on the vortices are not additive, and some 
examples will be discussed in section 4.2.

On general grounds, one may expect that combining dif-
ferent defects can improve pinning efficiency and suppress 
creep. In several cases, the benefits of combining different 
defects are straightforward. For example, for parallel colum-
nar defects, dissipation may be significantly enhanced due to 
mobile vortex kinks formed between neighboring columns. 
These kinks may be pinned by adding pointlike defects lead-
ing to the suppression of vortex creep within some current 
range (Maiorov et  al 2009), see figure  12(a). On the other 
hand, point defects can reduce the kink energy and facilitate 

Figure 12.  Examples of mixed-pinning landscapes: (a) columnar 
and pointlike defects with pinned vortex kink and (b) two types of 
spherical inclusions.

Figure 13.  Microstructure of NbTi consisting of α-Ti lamellae 
(white) and superconducting β-NbTi (grey). The schematic 
highlights the match between the pin sites and vortices in a field of 
5 T at 4 K (taken from Lee and Larbalestier (2001)).
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kink formation. Finding the optimal point-defect parameters 
in this situation is not a trivial problem.

It also may be beneficial to combine defect inclusions 
with different sizes, see figure  12(b). Small-size defect 
inclusion can pin segments of free-vortices traversing 
between large defect particles and further enhance the 
critical current. Moreover, defects with a fixed size may be 
most efficient within certain magnetic field range, as dem-
onstrated directly by numerical simulations (Koshelev et al 
2016) described in section 4.2. As a consequence, for pin-
ning landscapes composed of inclusions with a spread in 
size, one can expect a weaker decrease of the critical cur
rent with increasing magnetic field. Samples containing two 
types of pointlike defects have been prepared using proton 
(Jia et al 2013) or oxygen-ion irradiation on HTS films con-
taining self-assembled nanoparticles, as described in sec-
tion  3.2. A combination of different pinning sites may be 
the most probable route to the ultimate optimization of the 
critical current.

3. Tailoring pinning landscapes

3.1.  High-performance superconductors

A major emphasis of applied superconductor research is 
devoted to the creation of the most effective pinning micro-
structure for a particular magnetic field and temperature 
environment. A well-known example for this approach is the 
fabrication of NbTi-wires. A sequence of heating and extru-
sion/drawing steps results in a microstructure composed of 
nm-scale α-Ti lamellae embedded in the superconducting 
β-NbTi phase (Lee and Larbalestier 2001) (figure 13). The 
dimensions of the α-Ti inclusions and their density match 
well with the superconducting coherence length and the vor-
tex density in magnetic fields of several Tesla. NbTi-wires 
are fabricated on the industrial scale with great control and 

predictability; they are the workhorse for the vast majority of 
present superconducting applications.

The high-temperature superconducting cuprates and the 
iron-based superconductors are not amenable to the tradi-
tional approaches of alloying and drawing. Furthermore, the 
detrimental effects of grain boundaries in Fe-based SCs (Lee 
et al 2009, Katase et al 2010, 2011, Durrell et al 2011) and 
particularly in cuprates (Dimos et al 1988, 1990, Hilgenkamp 
and Mannhart 2002) necessitate new conductor architectures. 
A conductor lay-out that is scalable to industrial levels and 
has yielded the highest critical current densities, Jc, to date is 
the so-called coated conductor (CC) geometry schematically 
shown in figure 14. Various industrial approaches, which dif-
fer in substrate material and substrate treatment, composition 
of buffer layers and superconductor deposition methods, have 
been demonstrated (Senatore et al 2014); however, all share 
the overall rationale to grow essentially epitaxial supercon-
ducting films on flexible metallic substrates. Most work on 
coated conductors has been devoted to YBCO, or more gen-
erally REBCO (RE  =  rare earth), conductors (Malozemoff 
2012, Shiohara et al 2012, Obradors and Puig 2014, Senatore 
et al 2014).

‘Pristine’ REBCO films contain a variety of defects that 
can serve as vortex pin sites (Foltyn et al 2007) such as point 
defects, dislocations, stacking faults or twin boundaries. 
However, critical currents are not sufficient for high-power 
applications. Additional pin sites are typically introduced 
into the REBCO matrix by tuning precursor chemistry and 
growth conditions such that non-superconducting precipitates 
of various sizes and shapes appear during the growth pro-
cess that provide strong pinning (Matsumoto and Mele 2009, 
Obradors et al 2012). A wide variety of synthesis strategies 
has been developed including in situ deposition (i.e. pulsed 
laser deposition (PLD)) in which deposition and phase for-
mation occur in one step, or ex situ deposition (i.e. solution 
growth or metal-organic deposition(MOD)) in which several 

Figure 14.  Schematics of the layered structure of REBCO coated conductors. Various buffer layers and diffusion barriers are deposited 
onto flexible metal substrates. The superconducting REBCO layer, typically 1–2µm in thickness, is grown onto the buffer layers and 
covered with a silver cap layer for protection. Electro-deposited Cu-layers serve for thermal stabilization of the conductors. (a) Rolling-
assisted biaxially textured substrates (RABiTS) (b) Ion-beam-assisted deposition (IBAD) (taken from US Dept. of Energy (2006)).
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steps are required. For an extensive review we refer the reader 
to Obradors et al (2011). Significant enhancements of Jc have 
been achieved with the incorporation of RE2O3 (Rupich et al 
2004, Gapud et  al 2005), YBa2Cu3O5 (Haugan et  al 2004), 
BaZrO3 (MacManus-Driscoll et al 2004, Gutierrez et al 2007, 
Miura et al 2011) nanoparticles.

A major advance in the synthesis of high-performance 
REBCO coated conductors was the discovery that under cer-
tain deposition conditions the addition of excess metal oxides 
such as BaZrO3 (Goyal et al 2005, Kang et al 2006, Maiorov 
et al 2009, Xu et al 2012, Horide et al 2013, Selvamanickam 
et al 2013, 2015a, 2015c, 2015d, Xu et al 2014, Abraimov et al 

2015), BaSnO3 (Mele et al 2008) or BaHfO3 (Awaji et al 2015) 
results in the formation of self-assembled nanorods largely ori-
ented along the c-axis of the YBCO structure with lengths of 
hundreds of nm and diameters of  ∼10 nm. Figure  15 shows 
transmission electron microscopy (TEM) images of a REBCO 
film containing BaZrO3 nanorods. Their geometry makes them 
ideal pinning sites, particularly in aligned magnetic fields, and 
indeed, in recent years remarkable advances in performance 
of research-scale REBCO CCs has been achieved by increas-
ing the Zr-content (Selvamanickam et al 2013, Xu et al 2014, 
Abraimov et  al 2015, Selvamanickam et  al 2015a, 2015c, 
2015d) and perfecting the structure of the BZO nanorods 
(Selvamanickam et  al 2015d). Strong pinning by correlated, 
i.e. anisotropic, pinning sites, such as these BZO nanorods, 
leaves characteristic fingerprints in the angular dependence of 
Jc, ( )θJc . As an example, figure 16 displays ( )θJc  of a 25 mol.% 
Zr REBCO coated conductor in a field of 3 T (Selvamanickam 
et al 2015a). At 77 K, a dominant broad maximum in ( )θJc  for 
fields applied around the c-axis identifies pinning by the BZO 
nanorods, whereas a smaller maximum for in-plane fields is 
caused by pinning due to the layered crystal structure (intrin-
sic pinning) and ab-oriented defects such as stacking faults 
or YBa2Cu3O5 precipitates. With decreasing temperature, the 
maximum in ( )θJc  due to BZO nanorods becomes less pro-
nounced, and the overall anisotropy of Jc, that is, the ratio of 
the maximum and minimum values in θJc( ), decreases, until 
at 30 K θJc( ) is almost independent of angle. The strong iso-
tropic pinning seen in figure 16 at low temperatures has been 
attributed to the presence of nanoparticles residing between the 
nanorods (Abraimov et al 2015, Selvamanickam et al 2015a) 
and to strain fields (Gutierrez et al 2007, Xu et al 2012) as the 
lattice mismatch between BaZrO3 and REBCO is large, ∼8%.  
Extensive work on solution-grown YBCO films has shown 
that strain-fields associated with nano-particles can give rise 
to strong isotropic pinning (Gutierrez et  al 2007, Puig et  al 
2008, Llordés et al 2012). The angular dependence of Jc is an 

Figure 15.  Transmission electron microscopy cross sections of 
REBCO coated conductors containing BZO nanorods (dark 
grey vertical lines). (a) shows BZO nanorods that are disrupted 
by other crystal defects such as stacking faults, whereas in (b) 
growth conditions have been optimized to yield nanorods that 
extend through the entire superconductor. The buffer layers and 
the substrate are indicated (Reprinted with permission from 
Selvamanickam et al (2015d). Copyright 2015, IOP Publishing 
Ltd.).

Figure 16.  Field angle dependence of the critical current density of 
a REBCO coated conductor containing 25 mol.% Zr in a field of 3 
T and at various temperatures. At high-temperatures a pronounced 
maximum in Jc around the c-axis due to pinning by c-axis oriented 
BZO nanorods is evident whereas at low temperatures Jc becomes 
almost angle independent (Reprinted with permission from 
Selvamanickam et al (2015a). Copyright 2015, AIP Publishing 
LLC.).
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important characteristic, since in applications, such as sole-
noids or motors, the magnetic field acting on the conductors 
varies in size and orientation. Thus, it is the smallest value 
of ( )θJ H,c  that ultimately limits the performance, and the 
evolution shown in figure 16 is highly desirable. These data 
are also an example of a mixed-pinning landscape in which 
defects with different pinning characteristics are combined 
in synergistic ways to yield optimum performance. Here, the 
mixed-pinning landscape represents a combination of fig-
ures  5(b) and (d). In short-length samples of highly doped 
REBCO conductors, critical current densities as high as   
∼7 MA cm−2 at 30 K and 9 T applied parallel to c-axis have 
been reported (Selvamanickam et  al 2015a, 2015c, 2015d); 
or, as recently pointed out (Haugan 2015): the performance 
of these new samples at 50 K roughly equals that of current 
7.5%-Zr commercial production line conductors at 4.2 K. The 
transfer of these advances into a reliable large-scale production 
process is a time consuming process currently being pursued.

The recently discovered iron-based superconductors 
(Kamihara et  al 2008, Rotter et  al 2008, Johnston 2010, 
Hosono and Kuroki 2015) display materials characteristics 
that make them very appealing for potential applications 
(Shimoyama 2014, Hosono et al 2015, Ma 2015). Their rea-
sonably high values of the superconducting transition temper
ature, very high upper critical magnetic fields, and generally 
low anisotropy enable operation in economically interesting 
temperature-field ranges and, at the same time, minimize 
thermal fluctuations that affect the cuprate superconductors 
(Gurevich 2011, 2014). Thus, approaches that have proven so 
effective for the cuprates have also been applied to Fe-based 
superconductors. For example, BaFe2(As0.66P0.33)2 films con-
taining BZO nanoparticles were synthesized using pulsed 
laser deposition onto MgO substrates from a BZO-doped tar-
get (Miura et al 2013). On these samples, enhanced irrevers-
ibility fields and enhanced critical currents over the entire field 
and angular range were observed. O-rich starting materials 
have yielded the growth of c-aligned BaFeO2-nanorods on 
SrTiO3 (STO) templated (La,Sr)(Al,Ta)O3 (LSAT) substrates, 
which induce strongly enhanced Jc, particularly for c-axis 

fields (see figure  17(a)) (Lee et  al 2010, Zhang et  al 2011, 
Tarantini et al 2012). The formation of the nanorods is attrib-
uted to a compressive strain mismatch between the BaFeO2 
and the SrTiO3 buffer layer. Recently, coated conductors based 
on Ba(Fe1−xCox)2As2 (Iida et al 2011, Trommler et al 2012a, 
2012b), FeSe0.5Te0.5 (Si et al 2011, 2013) and NdFeAs(O,F) 
(Iida et al 2014) on flexible metal substrates have been fabri-
cated. These conductors have displayed promising high-field 
performance. For instance, on FeSe0.5Te0.5 film with ≈T 18c  K,  
Jc values of 0.1≈  MA cm−2 in magnetic fields of 30 T along 
the c-axis have been reported, see figure 18.

3.2.  Defect formation via particle irradiation

The synthesis of desired pinning structures such as nanorods 
requires carefully tuned chemistry and growth parameters. 
However, their stable implementation for industrial fabri-
cation of long-length conductors has proven a challenge. 
Furthermore, the growth of nanorods is not a practical option 
for solution-grown REBCO films. An alternative to modifying 
the chemical synthesis in order to generate the desired pin-
ning structure is afforded by particle irradiation, which is a 
generic technique applicable to all superconducting materials. 
Depending on the mass and energy of the ions and the prop-
erties of the target material, irradiation enables the creation 
of defects with well-controlled density and topology, such 
as points, clusters or tracks. Irradiation of superconductors 
to induce tailored defects to raise their critical current has so 
far remained in the realm of fundamental research. However, 
recent studies have shown that rapid reel-to-reel irradiation of 
post-production commercial coated-conductors may actually 
be a viable option for creating uniform pinning structures over 
long length (Rupich et al 2015).

An important parameter describing radiation damage is the 
spectrum of recoil energies imparted by the incoming parti-
cle on the primary knock-on atom (Kinchin and Pease 1955, 
Robinson and Torrens 1974, Averback et al 1978, Robinson 
1994). If this energy exceeds the threshold energy describing 

Figure 17.  Cross-sectional TEM image of a Ba(Fe1−xCox)2As2 
film grown on a LSAT/STO substrate. The vertical lines are self-
assembled c-axis oriented BaFeO2 nanorods. The inset shows an 
electron diffraction pattern revealing the crystalline structure of 
the film. (Reprinted with permission from Zhang et al (2011). 
Copyright 2011, AIP Publishing LLC.)

Figure 18.  Magnetic field dependence at different temperatures 
of the critical current density for a FeSe0.5Te0.5 film grown on 
a RABiTS substrate. Open and closed symbols correspond to 
magnetic fields applied along the c-axis and parallel to ab plane, 
respectively. (Reprinted figure with permission from Macmillan 
Publishers Ltd: Si et al (2013) (figure 3b). Copyright (2013).)
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the binding of the atom to its lattice site, typically tens of 
eV, the atom will be displaced leaving a vacancy behind. If 
the recoil energy is high enough, the displaced atom itself 
can displace another atom and so on until the recoil energy 
drops below the threshold, resulting in collision cascades. For 
well-separated displacement events a linear cascade arises, 
whereas energetic incoming particles in dense target materials 
cause overlapping collisions and a thermal spike (Ziegler and 
Biersack 1985, Averback and de la Rubia 1997, Nordlund 
et  al 1998, Krasheninnikov and Nordlund 2010). Typically, 
thermal spikes produce a predominance of vacancies near the 
core and interstitials at the periphery. Owing to their small 
mass, irradiation with electrons generally produces point 
defects in the form of pairs of vacancies and interstitials sepa-
rated by a few inter-atomic distances. In contrast, irradiation 
with MeV protons, neutrons and light ions produces recoils 
with energies of tens of keV and thus a mix of point defects 
and linear and thermal spike cascades is expected. In addi-
tion, vacancies may migrate at elevated temperatures to form 
clusters in the form of dislocation loops (Jäger and Merkle 
1988). While point defects cannot be imaged in TEM, aniso-
tropic clusters and cascades with sizes of 2–4 nm have been 
imaged by TEM on proton and neutron irradiated YBCO crys-
tals (Kirk 1993, Kirk and Yan 1999). The final defect structure 
is also dependent on pre-existing defects, which may serve as 
sinks for irradiation-induced defects, or promote their migra-
tion and recombination (Vlcek et al 1993).

The irradiation with energetic (hundreds of MeV to GeV) 
heavy ions (such as Pb, Au, Xe, U) produces extended defects 
(Fleischer et  al 1965). Depending on the electronic energy 
transfer per travel distance, energy and mass of the projectile 
as well as parameters of the target material (thermal and elec-
trical conductivity, specific heat) continuous or discontinuous 
amorphous irradiation tracks can be created along the projec-
tile path as a consequence of Coulomb explosion and ther-
mal spike (Toulemonde et al 1994, Bringa and Johnson 2002, 

Lang et al 2015). Figure 19 shows TEM images of irradiation 
tracks in YBCO due to 1.4 GeV Pb-ions. Extensive electron 
microscopy work on irradiation tracks in YBCO has shown 
that the tracks are surrounded by additional damage in the 
form of strain fields, micro-twinning, oxygen deficiency and 
possibly stacking faults (Zhu et al 1993, Yan and Kirk 1998).

Irradiation with electrons, protons, neutrons, alpha parti-
cles, and light and heavy ions of various energies has been 
extensively utilized to generate vortex pinning sites and to 
probe the superconducting ground state, most notably in 
cuprates (Clark et al 1987, Umezawa et al 1987, Clark et al 
1988, Iwase et al 1988, White et al 1988a, 1988b, Willis et al 
1988, Xiong et al 1988, Roas et al 1989, Civale et al 1990, 
Civale et  al 1991, Hardy et  al 1991, Konczykowski et  al 
1991, Thompson et al 1992, Schuster et al 1993, Civale 1997, 
Swiecicki et al 2012) such as YBCO and in iron-based super-
conductors (Brandt 1995, Eisterer et al 2009, Nakajima et al 
2009, 2010, Kim et al 2010, Prozorov et al 2010, Fang et al 
2011, 2012, 2013, Maiorov et al 2012, Tamegai et al 2012, 
Kihlstrom et al 2013, Murphy et al 2013, van der Beek et al 
2013, Yeninas et al 2013, Salovich et al 2013, Mizukami et al 
2014, Prozorov et  al 2014, Haberkorn et  al 2015a, Massee 
et al 2015).

Particle irradiation creates defects on random arrays whose 
average density can be controlled via the irradiation dose 
whereas the morphology of the defect (points, cascades and 
their size, linear tracks) can be controlled by the choice of the 
incoming particle. Furthermore, irradiation allows combin-
ing defects with different characteristics or adding to already 
existing ones at densities that are interesting for vortex pin-
ning. This occurs without changing the chemistry of the sam-
ple thereby controllably creating mixed-pinning landscapes 
that are very effective in vortex pinning. This potential is 
highlighted in figure 20 showing the enhancement of the criti-
cal current density of REBCO coated conductors following 
irradiations with heavy ions, protons, and combined proton 
and heavy-ion irradiation. Even though the pristine sample 
displays a sizable zero-field Jc of 20 MA cm−2 (figure 20(a)), 
irradiation-induced pinning results in substantial additional 
enhancements of the in-field Jc. Heavy-ion induced tracks 
yield the strongest Jc enhancement in moderate field around 
2 T, whereas p-irradiation induced defects are most effective 
in high fields. Thus, their synergistic combination results in a 
doubling of Jc over a large field range.

Irradiation of single crystal samples with rather low ini-
tial pinning generally yields substantial enhancements of Jc 
over wide ranges in applied magnetic field and temperature. 
However, it is a priori not obvious what the effect of parti-
cle irradiation will be on high-performance coated conduc-
tors that already contain optimized pinning microstructures. 
Below we highlight both limits with examples of industrial 
REBCO coated conductors and Ba0.6K0.4Fe2As2 crystals.

3.3.  Cuprate coated conductors

Only recently has the potential for improving the performance 
of coated conductors through particle irradiation been recog-
nized (Matsui et al 2012, Jia et al 2013, Leonard et al 2013a, 

Figure 19.  Transmission electron microscopy cross section of 
irradiation tracks in an YBCO single crystal due to 1.4 GeV  
Pb-ions. The inset shows a plan view of the tracks (courtesy 
Wheeler and Kirk).
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2013b, 2014, Matsui et al 2014, Gapud et al 2015, Haberkorn 
et al 2015b, Leroux et al 2015, Prokopec et al 2015, Rupich 
et al 2015). In particular, it was demonstrated (Jia et al 2013) 
that the in-field critical current density of production-line 
coated conductors can be doubled using irradiation with 4 
MeV protons. Figure 21 displays a comparison of the elec-
tric field versus current (E-I) curves at 27 K and 3 T ∥ c for 
the reference sample and a sample irradiated to a fluence 
of 8 1016×  p cm−2. The almost parallel shift of the curves 
reveals a substantial increase of Ic from 143.6 A to 234.5 A. 
At the same time, the E-I curves hardly broaden as evidenced 
by the slight decrease of the n-value (in E In∼ ) from 28 for 

the reference sample to 25 for the irradiated sample demon-
strating that the sample does not degrade upon proton irra-
diation (see below). At the same time, the suppression of Tc 
amounts to only  ∼1.5 K after a relatively high irradiation dose 
of 8 1016∼ ×  p cm−2. The proton dose for achieving opti-
mal pinning enhancement is around 15 1016×  p cm−2, which 
requires long irradiation times thus prohibiting an application 
of this technique on the industrial scale. However, the irradia-
tion with heavier ions such as oxygen, nickel or gold produces 
significantly more defects per incident particle than in the case 
of protons, enabling post-synthesis irradiation times that are 
suitable for production scale. Figure 22(a) shows on log–log 
scales the field dependence of Jc before and after irradiation 
with 3.5 MeV O3+ ions to a dose of 0.3 1013×  O cm−2. The 
samples were irradiated through the silver layer and there was 
no copper stabilizer, see figure 14. SRIM simulations (Ziegler 
and Biersack 1985) reveal that at this energy the highest defect 
production occurs near the middle of the REBCO layer.

The salient feature of irradiation with O-ions is the pro-
nounced enhancement of the critical current Jc at high 
magnetic fields. In a field of  ∼6 T, the enhancement of Jc 
approaches a factor of two (see figures  22(a) and (c)). As 
shown in figure 22(a) the field dependence above  ∼1 T can 
be well described by a power-law of the form ∼ α−J Bc . The 
exponent α strongly decreases with irradiation dose (see fig-
ure 22(b)) accounting for the stronger enhancement of Jc at 
high applied magnetic fields. This result directly addresses 
a persisting challenge in coated conductor development, 
namely that their critical current density decreases signifi-
cantly even in modest applied magnetic fields. The evolution 
of J Bc( ) and α with O-ion irradiation dose shown in fig-
ures 22(a) and (b) is also representative of results obtained for 
a variety of MeV-particle irradiations (Strickland et al 2009, 
Jia et  al 2013, Haberkorn et  al 2015b, Rupich et  al 2015). 
The optimal irradiation dose depends on field and temperature  
(figure 22(c)): with decreasing temperature and increas-
ing magnetic field, the peak enhancement requires a higher 

Figure 20.  (a) Magnetic field dependence of Jc at 5 K of REBCO coated conductors in the pristine state and following irradiations with 
250 MeV gold ions to a dose matching field of 3 T, with 3 MeV protons to a dose of 18 1016×  p cm−2, and combined proton and heavy-ion 
irradiation to doses 4 1016×  p cm−2 and 3 T, respectively. The arrows mark the cross-over field B* between an almost field independent Jc 
and a power-law decay. (b) Corresponding magnetic field dependence of Jc enhancement.

Figure 21.  Current–voltage curves at 27 K in a c-axis field of 3 T of 
REBCO coated conductors patterned in 2.5 mm wide bridges. Data 
for a pristine sample and a proton-irradiated sample reveal the strong 
increase of the critical current upon irradiation. The n-values describing 
the shape of the IV-curves are indicated (Reproduced with permission 
from Jia et al (2013). Copyright 2013, AIP Publishing LLC.).
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irradiation dose, similar to results on proton irradiated sam-
ples and in agreement with recent simulations of vortex pin-
ning in random arrays of spherical nanoparticles (Koshelev 
et  al 2016) (see also figure  33(a)). Also included in fig-
ure 22(a) is the field B* which marks the cross-over from an 
almost field independent ( )J Bc  to the power-law decay. At 
low temperature, B* increases slightly from 0.3 T to 0.4 T. 
However, the effect of MeV-ion irradiation on B* is gener-
ally rather weak as compared to the substantial enhancements 
seen upon introduction of correlated defects via heavy ion-
irradiation (compare figures 20(a) and 25). We note that the 

irradiation of a  ∼0.8 cm2 sample to near optimal dose could 
be achieved in about 1 s. Furthermore, recently, the doubling 
of Jc of long-lengths (80  m long and 46 mm wide) produc-
tion tape has been demonstrated using Au-ion irradiation in 
a reel-to-reel set-up at a speed of  ∼0.3 cm s−1 (Rupich et al 
2015). Thus, the irradiation with MeV-ions can be a viable 
industrial process to tune the pinning microstructure in a post 
film-synthesis process that results in doubling of the in-field 
critical current density at high fields.

TEM images on a typical RABiTS commercial coated con-
ductor show that pristine coated-conductor samples contain 

Figure 22.  (a) Field dependence of Jc and its enhancement following irradiation with 3.5 MeV oxygen ions to a dose of 0.3 1013×  O cm−2. 
The vertical arrow marks the cross-over field B*. (b) Dose dependence of the power α in ∼ α−J Bc  describing the in-field suppression of Jc. 
Upon irradiation, α is strongly reduced resulting in significant enhancement of Jc in high fields. (c) Enhancement factor of Jc at various fields 
and temperatures as function of irradiation dose (adapted with permission from Leroux et al (2015). Copyright 2015, AIP Publishing LLC.).

Figure 23.  Diffraction contrast TEM images using scattering vectors of (0 0 2) in panels (a) and (b) and (2 0 0) in panels (c) and (d). Shown is the 
microstructure of the pristine coated conductor (a) and (c), and of the oxygen-ion irradiated sample (b) and (d). The pristine sample is characterized 
by Rare Earth Oxide precipitates as marked by black arrows. Upon irradiation a large number of finely dispersed defects of  ∼5 nm size appear as 
highlighted by the white circles in (b) and (d) (adapted with permission from Leroux et al (2015). Copyright 2015, AIP Publishing LLC.).
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mostly rare-earth oxide nanoparticles, several tens of nanom-
eter in diameter and a few stacking faults (see figures 23(a) 
and (c)). Twin boundaries and dislocations are not visible in 
the field of view under the chosen imaging conditions for this 
particular TEM image. Similar to proton irradiation, oxygen 
irradiation creates a large number of finely dispersed aniso-
tropic small defects approximately 5 nm in diameter, as shown 
in figures 23(b) and (d). As in the case of irradiated YBCO 
crystals (Kirk 1993, Kirk and Yan 1999), they are most likely 
collision cascades and/or defect clusters. In addition, point 
defects (interstitials and vacancies) are created that are not 
visible in TEM. The images in figure 23 are suggestive of a 
mixed-pinning landscape composed of a large number of rela-
tively small irradiation-induced defects coexisting with large 
pre-existing rare-earth oxide precipitates, twin boundaries, 
and point defects as sketched in figure 12(b).

At low fields, all vortices are considered strongly pinned 
by the large oxide particles. In this single-vortex regime Jc is 
approximately field-independent and the irradiation-induced 
defects do not contribute to additional vortex pinning. With 
increasing field, Jc is expected to initially vary approximately 
as B−1/2 and then as B−1 when all pin sites are occupied (see 
equations (27) and (28)). The presented data roughly follow 
this trend although α of the pristine sample does not reach 
the value of 1α =  at high fields, but instead acquires values 
of 0.7α∼ . Similar α-values have been reported for a broad 
range of coated conductors (Miura et al 2011). With increas-
ing field the finely dispersed irradiation induced defects effec-
tively pin vortex sections between strong pin sites accounting 
for the observed enhancement of Jc in high fields, as illus-
trated in figure 12(b). Furthermore, the pinning of interstitial 
vortices becomes more efficient when more small defects are 
introduced, thus α should decrease with increasing irradiation 
dose, as is seen in figure 22(b). Recent numerical simulations 
of vortex dynamics in pinning structures such as shown in fig-
ure 12(b) reveal that the addition of small random pin sites 
does indeed reduce the value of α (Sadovskyy et al 2016b) 
(see figure 35).

Initial studies of the effect of irradiation on the angular 
dependence of Jc reveal complex behavior. Measurements in a 
field of 1 T and at 77 K showed that irradiation of metal-organic 
deposited films with 70 MeV Ag-ions yields an enhance-
ment of Jc for B c∥  and a reduction for B ab∥  (Strickland et al 
2009). This general trend was also obtained after irradiation 
with 5 MeV Ni and 25 MeV Au-ions (Leonard et al 2013a). 
Measurements at 64 K and 4 T following neutron-irradiation 
of chemical vapor deposited films showed a pronounced dip 
of Jc around the in-plane directions (Chudy et al 2015). The 
angular dependence of Jc depends sensitively on temperature, 
field, defect structure, and balance between isotropic and 
anisotropic pinning (Civale et  al 2004, MacManus-Driscoll 
et al 2004, Goyal et al 2005, Matsumoto et al 2005, Yamada 
et al 2005, Puig et al 2008, Maiorov et al 2009, Palau et al 
2011, Selvamanickam et al 2012, Choi et al 2013, Miura et al 
2013, Abraimov et al 2015, Mishev et al 2015). Thus, further 
investigations on carefully characterized sample are required 
in order to fully understand the evolution with irradiation.

3.4.  Iron-based superconductors

Iron-based superconductors are comparatively tolerant to 
a high degree of disorder introduced by particle irradiation 
while incurring only a modest reduction in Tc. This tolerance 
enables exploring the interaction of various pin sites in mixed-
pinning landscapes over a large range of defect concentration, 
and to design pinning microstructures that yield very high, 
almost field-independent critical current densities that come 
close to those reported for REBCO coated conductors.

Figure 24 shows the superconducting transitions of a series 
of optimally doped Ba0.6K0.4Fe2As2 crystals after various 
stages of irradiation with 1.4 GeV Pb-ions along the crystal 
c-axis (Fang et al 2012) measured in a field of 10 G ∥ c after 
zero-field cooling. The crystals had the shape of thin plates 
such that the Pb-ions penetrate through the entire sample. 
The irradiation dose is quantified in terms of dose-matching 
fields of B 4, 6, 10, 21=φ  and 50 T. The transition temper
ature and transition width do not change for doses up to 21 T.  
At B 50=φ  T, Tc is suppressed by  ∼2 K and the transition 
broadens significantly. In comparison, the suppression of Tc 
in YBa2Cu3O7−δ due to similar Pb-ion irradiation is consider-
ably larger (Goeckner et al 2003).

Z-contrast images obtained in STEM (scanning transmis-
sion electron microscopy) reveal that the irradiation pro-
duces segmented amorphous tracks with an average diameter 
of 3.7 nm (Fang et  al 2012). Segmented tracks were also 
observed in Ba(Fe0.93Co0.07)2As2 following irradiation with 
200 MeV Au-ions (Tamegai et  al 2012). This track size 
is considerably smaller than 6–8 nm typically observed in 
heavy-ion irradiated cuprate high-Tc superconductors (Zhu 
et al 1993, Toulemonde et al 1994, Yan and Kirk 1998) (see 
also figure 19), and consistent with the observation that tracks 
with radius of less than  ∼1.8 nm tend to be discontinuous 
(Toulemonde et al 1994).

The heavy-ion irradiated Ba0.6K0.4Fe2As2 displays a 
remarkable retention of high Jc values in high magnetic fields 

Figure 24.  Variation of Tc of a Ba0.6K0.4Fe2As2 crystal due to 
irradiation with 1.4 GeV Pb-ions to doses corresponding to dose 
matching fields of 21 T and 50 T.
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and at high temperatures as summarized in figures 25(a) and 
26. Figure 25(a) shows the critical current density Jc in magn
etic fields along the c-axis at 5 K and several irradiation doses. 
The extraordinary feature is the field independence of Jc at 
high levels of  ∼5 MA cm−2 up to fields that exceed 5 T for 
the B 21=φ  T-irradiated sample. Consequently, these Jc values 
in high fields are comparable to those reported for REBCO 
coated conductors (compare figure  22). They are also sig-
nificantly higher than those of present iron-selenide (Si et al 
2013) and iron-arsenide (Katase et al 2011) coated conductors 
indicating that there remains a large headroom in improving 
the performance of these coated conductors.

At 5 K, the pristine sample has a low-field ∼J 2c  MA 
cm−2 which in fields larger than 0.3 T decreases as B−0.5, 
indicative of pinning by sparse strong pinning sites, see equa-
tion  (27). The low-field Jc undergoes a modest increase by 
a factor of 2–3 due to irradiation and shows no systematic 
dependence on the irradiation dose whereas in high fields 

the enhancement of Jc exceeds an order of magnitude. The 
dose-independence of Jc at low fields may be expected when 
all vortices are strongly pinned and a further increase in pin-
ning sites will not increase Jc. This scenario is analogous to 
the dose-independence of the low-field Jc of REBCO coated 
conductors (figure 22(a)). An essentially field-independent 
Jc is the quintessential signature of this single-vortex strong-
pinning regime (see section 2.5.2). At the same time, the field 
range of constant Jc increases strongly with irradiation dose, 
demonstrating that this phenomenon is not a self-field effect 
(Däumling and Larbalestier 1989, Conner and Malozemoff 
1991, Hengstberger et al 2010), but represents enhanced field-
independent strong pinning induced by heavy-ion irradiation. 
In high fields when vortices appear between the irradiation 
tracks, Jc decreases as 1/B, probably due to plastic depinning.

Irradiated Ba0.6K0.4Fe2As2 also retains high Jc on increas-
ing temperature, figure 26. Jc of the pristine sample is rapidly 
reduced by a factor of 40∼  on increasing the temperature from 
4.2 K to 30 K ( =T T 0.81c/ ). In contrast, the reduction is more 
gradual and amounts to only a factor of  ∼7 for the sample irra-
diated to a dose of B 21=φ  T maintaining a value of =J 0.32c  
MA cm−2 in 5 T at 30 K. These observations are in line with 
theoretical expectations that vortex pinning by strong corre-
lated defects such as heavy-ion tracks is thermally more robust 
than pinning by point disorder (Nelson and Vinokur 1993).

Figure 25(b) shows the effect of 4 MeV proton irradiation 
on the critical current density of a Ba0.6K0.4Fe2As2 crystal. 
With increasing dose, Jc increases significantly in a uniform 
fashion. In particular, the low-field Jc increases about 5-fold 
with a dose of 7 1016×  p cm−2 and the range of field-inde-
pendent Jc increases from 0.2∼  T to 1 T. At the same time, 
the functional form of the field-dependence of Jc in high fields 
does not change, ∼J B1c

1 2/ / , indicating that in the pristine 
and irradiated samples the same pinning mechanism is active, 
namely pinning by isolated strong pins. Currently, there are no 
TEM investigations of p-irradiated iron-based superconduc-
tors. However, it is likely that a mix of point defects, collision 
cascades and clusters is generated, in analogy to the behavior 
seen in YBCO crystals.

Figure 25.  (a) Field dependence of Jc at 5 K of a Ba0.6K0.4Fe2As2 crystal at various stages of irradiation with 1.4 GeV Pb-ions. An extended 
field range of almost field independent Jc arises upon irradiation, labeled by B*. (b) Enhancement of Jc of a Ba0.6K0.4Fe2As2 crystal due to 
irradiation with 4 MeV protons. (c) Behavior of Jc in a mixed-pinning landscape composed of irradiation tracks such as in panel (a) and 
random pins such as in panel (b). By adding various doses of p-irradiation induced random pins to irradiation tracks corresponding to a 
dose matching field of 21 T, the range of field-independent Jc can be significantly extended. A comparison with panels (a) and (b) directly 
shows that pinning actions are not simply additive. (Adapted with permission from Fang et al (2012) and Kihlstrom et al (2013). Copyright 
2012 and 2013, respectively, AIP Publishing LLC.)

Figure 26.  Contour plot of ( )J B T,c  of the sample after heavy ion 
irradiation to a dose matching field of 21 T. One notes that at 5 K 
and high-field Jc of the irradiated Ba0.6K0.4Fe2As2 crystal is similar 
to that of REBCO coated conductors.
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Thus, defects similar to those shown in figure  23 may 
serve as irradiation-induced strong pin-sites. Since the 
field range of field-independent Jc varies in proportion with 
the low-field Jc, self-field effects are likely to play a role 
(Däumling and Larbalestier 1989, Conner and Malozemoff 
1991, Hengstberger et  al 2010). Nevertheless, the low-field 
Jc increases approximately as the square root of the irradia-
tion dose, consistent with the prediction for strong pinning, 
equation (24).

Samples such as those shown in figures  25(a) and (b) 
form an ideal basis for creating mixed-pinning landscapes 
composed of random strong pins and correlated 1D pins in a 
controlled fashion (combination of figures 5(b) and (d)). For 
example, figure 25(c) shows the effect of adding p-irradiation 
induced defects to irradiation tracks caused by 21 T heavy 
ion irradiation. In contrast to figure  25(b), p-irradiation of 
the sample containing irradiation tracks does not increase the 
low-field Jc, presumably because strong pinning by the irra-
diation tracks already immobilizes all vortices. However, p-
irradiation clearly extends the field-range of field-independent 
Jc. Since the low-field Jc does not change, this enhanced range 
is not a self-field effect, but instead the signature of a mixed-
pinning landscape in which the random defects pin vortices 
that are not trapped on irradiation-induced tracks in high 
fields, as schematically shown in figure 12(a). These data also 
show that the pinning action of multiple pin sites is in general 
not simply additive.

3.5.  Vortex creep in high-performance superconductors

Thermal fluctuations and the ensuing relaxation (creep) in 
non-equilibrium vortex configurations are defining character-
istics of high-temperature superconductors. Creep phenomena 
have strong influence on high-performance superconduc-
tors as they limit the critical current density that can actu-
ally be achieved at a given magnetic field and temperature. 
Experimentally, flux creep manifests itself in the decay with 
time of the hysteretic magnetization as quantified by the log-
arithmic relaxation rate S M td ln d ln/=  and in the form of 
the current–voltage (I–V) curves. Both quantities yield infor-
mation on the dependence of the vortex pinning potential U 

on current, temperature and magnetic field (see section 2.6). 
The I–V curves of high-temperature superconductors can fre-
quently be described by a power law V V I I n

c c( / )=  (Brandt 
1996, Yamasaki and Mawatari 1999, Thompson et  al 2008, 
Polat et al 2011, Chudy et al 2015) (compare figure 21). This 
form of the I–V curve corresponds to a current dependent pin-
ning potential of the form =U U J Jln0 c( / ) with n U k T 10 B/= �  
and S n1/≈ . Measurements over a wide range in voltage 
reveal deviations from the power-law I–V characteristics, 
which are caused by the collective nature of vortex pinning 
and the glassiness of the vortex matter (Yeshurun et al 1996) 
(see section 2.6).

Figure 27(a) shows the temperature dependence of the 
relaxation rate S for oxygen and proton irradiated samples of 
REBCO coated conductors in a field of 1 T ∥ c. It is remark-
able that the creep rate for all samples approaches a common, 
almost linear, temperature dependence at temperatures below 
20 K. A similar finding has been reported for coated conduc-
tors grown using different synthesis routes including pulsed-
laser deposition and metal-organic deposition (Haberkorn 
et al 2012b), solution grown YBCO films containing BZO and 
Ba2YTaO6 nanoparticles (Rouco et  al 2014), as well as for 
p-irradiated GdBa2Cu3O7 films (see figure 27(b)) (Haberkorn 
et al 2015b). A linear S(T )-relation of the form S k T UB 0/=  
is reminiscent of the classic Anderson–Kim model of vortex 
creep. From the data in figure 27, one estimates U 12000∼  K  
for all samples, independent of the irradiation state. This 
suggests that vortex dynamics is dominated by strong pre-
existing pinning, i.e. rare earth nanoparticles such as seen 
in figures 23(a) and (c), twin boundaries or BZO nanorods. 
For comparison, for the =T 40c  K superconductor, MgB2, in 
a field of 1 T, U 40000∼  K and the creep rate is approximately 
one order of magnitude lower, consistent with much smaller 
fluctuation effects in this material. S(T ) in figures 27(a) and 
(b) does not extrapolate to zero, indicative of a contribution 
due to quantum creep at very low temperatures.

Above 20 K, all samples show a clear departure from the 
almost linear S(T ) dependence, pointing to a fundamental 
change in the vortex dynamics. S(T ) of the pristine sample is 
non-monotonic with a minimum around 40 K almost reach-
ing the zero-temperature value, and the creep rate strongly 

Figure 27.  (a) Normalized flux creep rate of a REBCO coated conductors in the pristine state and after various stages of irradiation with 
protons (black) and oxygen ions (red) (after Leroux et al (2015)), (b) Normalized flux creep rate of a coated conductor in the pristine state 
and after proton irradiation to 2 1016×  p cm−2 and 6 1016×  p cm−2, respectively. (c) Current dependence of the pinning barrier of the 
pristine (black) and of the 6 1016×  p cm−2 sample (grey) obtained using the Maley analysis. The inset shows the function G(T ) used in the 
Maley analysis (see equation (33)). (Reprinted with permission from Haberkorn et al (2015b). Copyright 2015, IOP Publishing Ltd.)
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increases with irradiation dose. A minimum in S(T ) has also 
been observed in other YBCO films with pinning dominated 
by large nanoparticles and is likely due to the large pinning 
energy of these defects (Haberkorn et al 2012b).

In the field range of 0.5 T to 1 T, particle irradiation does 
not strongly affect Jc. Depending on temperature and irradia-
tion dose, a small increase or decrease in Jc have been observed 
(Jia et al 2013, Haberkorn et al 2015b, Leroux et al 2015, Eley 
et al 2016). However, the creep rate at temperatures above 20 K 
strongly and systematically increases with both oxygen and 
proton irradiation dose (figures 27(a) and (b)), consistent with 
a scenario in which pinning and creep become progressively 
dominated by smaller, irradiation induced defects. In contrast, 
the creep rate of YBCO single crystals in 1 T ∥ c decreases over 
the entire temperature range following irradiation with 3 MeV 
protons to a dose of 1 1016×  p cm−2, while at lower doses 
the effects on S are weak (Civale et al 1990, Thompson et al 
1993). This behavior supports the notion that it is competing 
effects arising in a mixed-pinning landscape such as sketched 
in figure 12(b) that are responsible for the increase in S in par-
ticle irradiated coated conductors. Figure 27(c) shows the cur
rent dependence of the pinning barrier obtained from the data 
in figure 27(b) using the Maley-analysis (Maley et al 1990, 
Polat et al 2011) (see also equations (32) and (33)). The U(J)-
dependence of the pristine sample displays a steep variation 
at intermediate currents, that is, at intermediate temperatures, 
which, according to equation (30) corresponds to a low value 
of S. Upon irradiation, the section of low pinning potentials 
at high currents, low temperatures, is slightly raised thereby 
removing the steep U(J) dependence. As a result, the creep 
rates increase. Physically, the presence of a large number of 
irradiation-induced defects between the rare-earth oxide parti-
cles promotes wandering of vortices away from the particles, 
see section 2.8. The evolution of the creep rate with irradia-
tion (figure 27(a)) is consistent with the IV-curves shown 
in figure  21. Namely, upon irradiation the n-value slightly 

decreases from 28 to 25 and according to the relation S n1/≈  
would correspond to an increase in S.

Vortex creep and the effect of particle irradiation have 
been investigated for various Fe-based superconductors such 
as Co-doped BaFe2As2 irradiated with protons (Haberkorn 
et al 2012a, Taen et al 2012) and heavy ions (Tamegai et al 
2012), proton-irradiated Na1−xCaxFe2As2 (Haberkorn et  al 
2014), Ba0.6K0.4Fe2As2 (Taen et  al 2015) and FeSe (Sun  
et  al 2015a, 2015b). Generally, the creep rates observed in 
single-crystal samples are high, comparable to those seen in 
YBCO-samples, S 0.02∼ , which is indicative of low pinning 
barriers. Particle irradiation causes substantial increases of Jc 
in all reports (see also figure 25), but the effect on the creep 
rate varies from material to material. For instance, proton irra-
diation of Ba(Fe0.925Co0.075)2As2 has only a weak effect on S 
(see figure 28). In contrast, the irradiation with heavy ions such 
as 200 MeV Au-ions, 800 MeV Xe-ions or 2.6 GeV U-ions 
induces a clear decrease of S (Tamegai et al 2012). A reduction 
in S has also been reported for p-irradiated Na1−xCaxFe2As2 
(Haberkorn et al 2014) and Ba0.6K0.4Fe2As2 (Taen et al 2015). 
In the latter case, the pristine crystal is characterized by a non-
monotonic S(T )-dependence, analogous to figures  27(a) and 
(b), with a maximum of 0.04∼  near 5 K and a minimum of 

0.025∼  near 15 K. Upon p-irradiation, S(T ) acquires a slowly 
rising linear dependence with a value of 0.01 at 5 K.

To summarize this section, the field dependence at 4.2 K of 
the critical current density Jc of industrial-scale and research-
scale REBCO coated conductors (CCs), of iron-based super-
conductors, and of industrial NbTi and Nb3Sn superconductors 
is illustrated in figure 29 with the help of several examples; 
data on conductors from other sources can be found in recent 
overviews, e.g. Selvamanickam et al (2015b). Particularly in 
REBCO coated conductors very high values of Jc have been 
realized attesting to the successful implementation of effec-
tive mixed-pinning landscapes either through chemical syn-
thesis means (UH, Bruker HTS) or via post-synthesis particle 
irradiation (AMSC). For long-length industrial-scale sam-
ples, the low-field Jc now approaches 15∼ % of the depairing 
current density, J 300dp∼  MA cm−2 for YBCO. The corre
sponding numbers for Nb3Sn and NbTi wires are 1< % and 
5–10%, respectively (Larbalestier et al 2001). The Jc-values of 
iron-based superconductors are generally significantly lower 
than those of REBCO coated conductors. However, the intro-
duction of a mixed-pinning landscape into Ba0.6K0.4Fe2As2 
crystals via combined heavy-ion and proton irradiation dem-
onstrates that this material can carry enormous currents, 
especially in high fields where it reaches the performance of 
REBCO coated conductors. Jc-values for NbTi and Nb3Sn are 
comparatively low. In figure 29 the critical current density Jc 
is presented since this quantity is directly related to the vortex 
pinning mechanisms, the subject of this review. However, for 
applications the important quantity is the engineering current 
density, Je, which is the total current per wire cross-section at 
a given temperature and magnetic field. Owing to the com-
plex layered structure of the coated conductor geometry (see 
figure 14) the superconductor fraction is low and Je of pre-
sent REBCO coated conductors amounts to only 1–5% of Jc.  

Figure 28.  Normalized flux creep rate of Ba(Fe0.925Co0.075)2As2 
crystals in the pristine state (labeled as AG), after irradiation with 3 
MeV protons to a dose of 1 1016×  p cm−2 (F1) and 2 1016×  p cm−2 
(F2) in fields of 1 T ∥ c (open symbols) and 3 T ∥ c (closed symbols). 
The analysis is complicated by the fishtail effect (non-monotonic 
field dependence) in Jc observed for the pristine sample. (Reprinted 
figure with permission from Haberkorn et al (2012a) (figure 4). 
Copyright (2012) by the American Physical Society.)
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In contrast, this ratio is much higher for Nb3Sn and NbTi. This 
ratio is also high for round wires made of Bi2Sr2CaCu2O8−x 
(Bi2212). This material has a low Jc due to poor grain align-
ment, but a high Je, which makes it interesting particularly 
for high magnetic field applications (Larbalestier et al 2014). 
Application targets are usually expressed in terms of Je. For 
example, power transmission targets require J 500e∼  A cm−1-
width at 77 K and self-field, whereas for generators and motors 
the target values are 1500 A cm−1-width at 25–50 K in 1.5–3 T ∥ c  
and for high-energy particle accelerators, J 600e∼  A mm−2 at 
4.2 K and 20 T are desired (Rupich and Zhang 2015). High Je 
can be achieved by increasing the superconductor fill-factor 
and/or by enhancing Jc, and these targets are now coming into 
range with optimized mixed-pinning structures in long-length 
conductors. The identification of what microstructures con-
stitute optimized pinning landscapes for high-field or high-
temperature applications is an important issue in future work, 
in which large-scale numerical simulations described in the 
next section will play a central role.

4.  Vortex pinning simulations

Predicting the behavior of large-scale arrays of vortices in dif-
ferent pinning landscapes and evaluating critical currents are 
fundamental challenges of high practical value. As discussed 
in section 2, analytical approaches can give qualitative pre-
dictions of critical currents only for simple model systems. 
Large-scale numerical simulations are required to develop a 
quantitative description of vortex behavior in realistic mixed-
pinning landscapes.

The value of numerical modeling in exploring and under-
standing vortex matter was recognized long ago (Brandt 
1983a, 1983b). Several approaches have been used to model 

vortex states in superconductors, the choice being determined 
by a trade-off between complexity and fidelity. All vortex-
matter simulations can be loosely divided into two groups: (i) 
on the equilibrium phase diagram and (ii) on dynamics and 
pinning. In this review we mostly focus on the second group. 
There is overlap between these two groups for disordered 
systems because vortex dynamics actually provides the most 
revealing probe of the phase diagram.

In the following sections, we review studies of the behavior 
of vortex lines using the Langevin-dynamics approach, fol-
lowed by a review of more realistic and powerful vortex-matter 
simulations based on the time-dependent Ginzburg–Landau 
formulation. We conclude this section on the current state of 
vortex-matter simulations by highlighting the emerging con-
cept of ‘critical current by design’, which will allow the pre-
diction of optimal pinning configurations in high-performance 
superconductors.

4.1.  Langevin-dynamics simulations

As displacements of the vortices are the softest perturbations 
in the mixed state, a natural minimal approach is to keep only 
the vortex degrees of freedom and neglect all other perturba-
tions of the superconducting order parameter. This approx
imation provides a reasonable description of the vortex state 
at low fields, when the distance between vortices is much 
larger than the coherence length, and for a low density of pin-
ning centers when they occupy a small volume fraction of the 
material.

A relatively simple situation is realized in thin supercon-
ducting films when the distance between vortices exceeds the 
film thickness. In this case bending of the vortex lines can 
be neglected and they can be treated as interacting pointlike 

Figure 29.  Field dependence of Jc (critical current per superconductor cross section) for various industrial-scale and research-scale REBCO 
coated conductors (filled symbols), iron-based superconductors (open symbols) and conventional superconductors (half-filled symbols). 
(1) REBCO CC from American Superconductor Corp irradiated with 16 MeV Au-ions to a dose of 6 1011×  Au cm−2, 1.2 μm thickness 
(Rupich et al 2015), (2) pristine AMSC CC, 1.2 μm (Rupich et al 2015); (3) REBCO CC from Bruker HTS, 2 μm (Abraimov et al 2015); 
(4), REBCO CCs from SuperPower Corp with 7.5% Zr and 1.7 μm (Hazelton et al 2015); (5) REBCO CCs from SuperPower Corp with 
15% Zr, 2 μm (Hazelton et al 2015); (6) REBCO CC from the University of Houston containing 15% Zr-doping, 1 μm  
(Xu et al 2014); (7) REBCO CC from the University of Houston containing 25% Zr-doping, 3.3 μm (Selvamanickam et al 2015b); (8) 
BaFe2As2 : Co CC, 0.15 μm (Katase et al 2011); (9) BaFe2(As0.66P0.33)2 thin film doped with 3% BZO, 0.1 μm (Miura et al 2013); (10) 
Ba0.6K0.4Fe2As2 crystal irradiated to 21 T  +  3 1016×  p cm−2 as shown in figure 25(c), magnetization at 5 K; (11) Nb3Sn ITER type, 
Mitsubishi internal tin process (Lee and Larbalestier 2008); (12) NbTi, data from High-field National Laboratory webpage (2015).
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objects moving in random potential created by pinning centers 
(two-dimensional (2D) case). The dynamics of such objects 
can be described by an overdamped equation of motion taking 
into account thermal Langevin forces. We present here a short 
overview of these 2D simulations as this is not the main focus 
of the review. The two-dimensional simulations of vortex mat-
ter were initiated by Brandt (Brandt 1983a, 1983b) and later 
extended by many authors revealing the rich dynamic behav-
ior of this system (Jensen et al 1988, Koshelev 1992, Koshelev 
and Vinokur 1994, Grønbech-Jensen et al 1996, Moon et al 
1996, Olson et al 1998, Cao et al 2000, Fangohr et al 2001, 
Fruchter 2002, Fily et al 2010, Scala et al 2012). The stud-
ied issues include scaling of critical current with strength and 
density of pins (Brandt 1983a, 1983b), crossover between 
elastic and plastic regimes (Koshelev 1992, Cao et al 2000, 
Scala et al 2012), thermal depinning (Koshelev 1992), order-
ing of vortex lattice at large velocities (Koshelev and Vinokur 
1994, Moon et  al 1996), and the critical behavior near the 
onset of motion slightly above the threshold (Fily et al 2010). 
The universal feature observed in many simulation studies is 
the formation of one-dimensional channels where vortices 
flow plastically (Jensen et al 1988, Koshelev 1992, Grønbech-
Jensen et al 1996, Fruchter 2002, Fily et al 2010).

In this review we mostly focus on the case of pinning 
in bulk materials relevant for applications. In the three-
dimensional case, the description of vortex matter is compli-
cated by the bending of the vortex lines and they have to be 
treated as elastic strings (Ertaş and Kardar 1996, van Otterlo 
et al 2000, Bustingorry et al 2007, Luo and Hu 2007, 2010, 
Koshelev and Kolton 2011, Dobramysl et al 2013). An addi-
tional complication is that both the single-vortex elasticity and 
intervortex interactions are nonlocal for the coordinate along 
the magnetic field. This complication is usually ignored and 
both energy contributions are replaced by approximate local 
forms with the assumption that this does not qualitatively 
change the properties of the system.

The dynamics of a single vortex line in a random potential 
has been investigated in Ertaş and Kardar (1996) and Koshelev 
and Kolton (2011). This single-vortex regime corresponds to a 
superconductor in very small magnetic fields. The configura-
tion of an isolated line is defined by the two-dimensional vec-
tor u depending on the coordinate along the magnetic field z 
and time t. The equation describing vortex-line dynamics in a 
random potential has the following form

t z
z z z t

u u
F u R f F , .

j
j j T1

2

2 vp( ) ( ) ( )∑η ε δ
∂
∂
=
∂
∂
+ − − + +� (37)

Here η is the viscosity coefficient, 1ε  is the line tension, f is 
the driving force from the current, ZR ,j j( ) are the random pin 
coordinates, F uvp( ) is the vortex-pin interaction force, z tF ,T( ) 
is the Langevin thermal force

( ) ( ) ( ) ( )η δ δ δ= − −′ ′ ′ ′α α αα′ ′F z t F z t T t t z z, , 2 .T T, ,

The dynamical critical behavior of a vortex line near the 
depinning threshold has been studied in Ertaş and Kardar 
(1996). The long-range wandering of the line was assumed to 
follow the scaling law

u z u z0 ,l,t l,t
2 l,t⟨[ ( ) ( )] ⟩− ∝ ζ� (38)

where u zl( ) and u zt( ) are line displacements along the driving 
force and in the transverse direction, respectively. Typically, 
u z u zl t( ) ( )�  meaning that the line is deformed stronger along 
the direction of motion, see figure 8. Numerical results showed 
that 1lζ ≈  and 0.5tζ ≈ , in agreement with renormalization-
group analysis. The value 1lζ =  is, in fact, the maximum pos-
sible power index in the long-range displacements marking 
the breakdown of linear elasticity. More complete informa-
tion is contained in the structure factors S q u ql,t l,t

2( ) ⟨[ ( )] ⟩= , 
where u ql,t( ) are the Fourier transforms of u zl,t( ). For 1l,tζ < , 
the scaling in equation  (38) corresponds to S q ql,t

1 2 l,t( )∝ ζ+ . 
The analysis of the structure factor allows treatment of the 
case 1lζ > , as described below.

The strong pinning of individual vortex lines by randomly 
arranged nanoparticles has been explored in Koshelev and 
Kolton (2011). It was found that the critical current grows 
roughly as the square root of the pin density, as suggested by 
qualitative estimates, equation  (24), see figure  30. The sys-
tem sizes Lx, y are measured in units of pin range rp. The units 

of pinning force fc and pin density np are set by 1ε , rp, and 

the pinning energy of an isolated pin Up as f U rc0 p
2

1 p
3ε= /  and 

n U rp0 p 1 p
4/ε= . The strong pinning scenario corresponds to 

n npp 0� , see figure  7. The configurations of pinned vortex 
lines in the critical region is strongly anisotropic; that is, dis-
placements in the driving direction are much larger than in the 
transverse direction, see figure 8. The analysis of the structure 
factors S ql,t( ) gave indices 1.14lζ ≈  and 0.45tζ ≈  which some-
what differ from those obtained in Ertaş and Kardar (1996) 
using long-range displacements. In particular, the value of 

1lζ >  implies that the assumed elastic approximation is not 
self-consistent in the thermodynamic limit. It was also estab-
lished that the dominant effect of thermal fluctuations is the 
suppression of the pin-breaking forces of the individual pins. 
This leads to a strong reduction of the apparent critical current 
by thermal noise and a straightening of the vortex lines in the 
critical region.

Figure 30.  The dependence of the critical force on the pin density 
for different system sizes, the legend shows the line lengths Nz, 
sizes in the direction of motion Lx, and in the transversal direction 
Ly. (Reproduced figure with permission from Koshelev and Kolton 
(2011). Copyright 2011 by the American Physical Society.)
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The pinning properties of interacting lines have been stud-
ied in van Otterlo et al (2000), Bustingorry et al (2007), Luo 
and Hu (2007, 2010) and Dobramysl et al (2013). The dynam-
ics of driven vortex matter is described by the coupled equa-
tions for the line coordinates z tu ,s( )

t z
z Z

z t

u u
F u u F u R

f F , .

s s

s
s s

j
s j j

T s

1

2

2 vv vp

,

∑ ∑η ε δ
∂
∂
=
∂
∂
+ − + − −

+ +

′
′( ) ( ) ( )

( )
�

(39)

Here, F uvv( ) is the vortex–vortex interaction force which is 
usually approximated by the expression strictly valid for 
straight lines, uF u Kvv 0 0( ) ( / )ε λ= ∇ , where λ is the London 
penetration depth.

van Otterlo et al (2000) studied the evolution of voltage-
current dependences and critical currents for different temper
atures and magnetic fields across the Bragg glass to vortex 
glass transition and across the melting line. The typical simu-
lated system contained 7 7×  vortices in 50 layers and they 
found a peak in the critical current for both cases. The unusual 
generic feature in the peak region is the crossing of I–V curves 
at different temperatures.

Luo and Hu (2007), (2010) studied depinning and creep 
of interacting vortex lines both in the Bragg glass and vortex 
glass regimes. The transition between the two glass states was 
induced by changing the strength of the pinning centers. The 
authors studied the scaling of the velocity-force dependences 
near the threshold force in the case of strong pinning (Luo and 
Hu 2007). Two different vortex creep exponents for the two 
glass regimes were extracted: 0.5 0.02µ = ±  for the Bragg 
glass and 0.28 0.02µ = ±  for the vortex glass (Luo and Hu 
2010).

Extensive studies of the relaxation dynamics for interact-
ing vortex lines were reported in Bustingorry et al (2007) and 
Dobramysl et al (2013). The observed dynamics reflects the 
glassy nature of this system.

The Langevin-dynamics description considered in this 
section has several important limitations: vortex–vortex and 
vortex-pin interactions can be treated only approximately, and 
possibilities of vortex cuttings and reconnections are com-
pletely neglected. Since the latter events are essential in the 
liquid phase, such models do not provide an adequate descrip-
tion for this state. Also, this simplified model cannot be used 
when pinning centers occupy a noticeable fraction of the 
superconductor’s volume corresponding to strongest pinning. 
Therefore, it is desirable to probe the strong-pinning regime 
by more sophisticated models.

4.2.  Large-scale Ginzburg–Landau simulations: critical 
current by design

A realistic description of the vortex dynamics in supercon-
ductors is the time-dependent Ginzburg–Landau (TDGL) 
approach, which describes the full behavior of the super-
conducting order parameter (Schmid 1966). This approach 
represents the most reasonable compromise between an 
approximate/phenomenological and an exact/microscopic 

description of vortex matter and provides a ‘mesoscopic 
bridge’ between micro and macro scales. It catches the most 
essential features of vortex matter and describes all pinning 
regimes from weak to strong pinning. Not only are all inter-
action energies for arbitrarily shaped vortices automatically 
taken into account, but also vortex-core structures and interac-
tion with pinning centers are described realistically.

In a more general context, the TDGL formulation is one 
of the most successful physical models describing the behav-
ior of many different physical systems (Aranson and Kramer 
2002). The Ginzburg–Landau (GL) equations describe spatial 
variations of the superconducting order parameter ψ in the 
presence of an electromagnetic vector potential A. Far from 
Tc, the GL equations do not correctly reproduce the physics 
in the vortex core, but still describe the interaction between 
vortices correctly, see e.g. Aranson and Kramer (2002).

The TDGL equations are the dynamic generalization of the 
static equations obtained by minimizing the GL functional (1),
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where μ is the scalar potential and Γ is a phenomenological 
dynamic parameter. The Langevin terms tr,( )ζ  and tr,( )I  
describing thermal noise, have the correlators

t t T t tr r r r, , 2⟨ ( ) ( )⟩ ( ) ( )ζ ζ δ δ= Γ − −′ ′ ′ ′∗� (42)

t t T t tr r r r, , 2 ,⟨ ( ) ( )⟩ ( ) ( )σ δ δ δ= − −′ ′ ′ ′α β α αβI I� (43)

respectively, where σα are the normal conductivity comp
onents (we assume that x yσ σ σ= =  and z

2/σ σ γ= ).
Equation (41) is the Maxwell equation10 governing the 

dynamics of A, where JN and JS are the normal and super-
conducting currents, respectively. These currents are given by
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The Landau gauge is typically used for the vector poten-
tial: A 0∇ = . Correspondingly, the magnetic induction 
B and electric field E are determined by B A= ∇×  and 

cE A1 t( / ) µ= − ∂ −∇ .
Modeling of pinning centers of different types with TDGL, 

equation  (40), requires different approaches. Tcδ  pinning 
(see section  2.4.1) can be modeled through small random 
modulation of the coefficient = −ε T T Tr rc( ) [ ( ) ]/ . Extended 
regions of negative ε can be used for modeling of large-scale 
metallic pinning sites. lδ  pinning can be realized by (spatial) 

10 Note, that the term ( / )∂c E1 t  in equation (41) is neglected because the 
time variation rates of A are much slower than the frequencies of the corre
sponding electromagnetic waves.
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modifications of the effective mass components mα. Modeling 
of strain fields, and dislocations requires both Tc and mα 
modulation. Magnetic bulk defect (see section 2.4.3) can be 
introduced by choosing local dipolar magnetic fields, which 
modify the vector potential A, see e.g. Doria et  al (2007). 
Finally, modeling of geometrical constraints and voids of vari-
ous shapes is done by imposing appropriate internal boundary 
conditions within the integration domain or using unstruc-
tured grid discretizations. With respect to applications in high-
performance superconductors, mostly spatial Tc modulation 
was studied so far.

Strictly speaking, these dynamic equations are microscopi-
cally justified only for gapless superconductors (Gor’kov and 
Éliashberg 1968). In other cases, the exact dynamic equa-
tions can be much more complicated and difficult for numer
ical implementation, see, e.g. Zhu et al (1998), where dynamic 
equations for superconductors with mixed d- and s-symmetry 
have been derived. Nevertheless, the TDGL description can be 
used to study problems, where the exact dynamics is not cru-
cial. Vortex pinning is such a problem, since it only involves 
static or slowly moving vortex configurations.

For numerical simulations, equations (40) and (41) can be 
written in the dimensionless form

u A tr r, ,t
2 2∑µ ψ ψ ψ ψ η ψ ζ∂+ = − | | + ∇ − +
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where the magnetic field is measured in units of the upper 
critical field H 0 2c2 0 0

2( ) / πξ= Φ  at zero temperature and the 
electric field E Atµ= −∇ − ∂  is measured in units of J0/σ.

In order to study sufficiently large systems numerically, the 
implementation of the solver for the TDGL typically has to 
be highly efficient and parallelized. We will not review the 
different technical approaches to this problem. In most com-
putational schemes used for TDGL, the system is discretized 
in space on a regular grid and integrated in time by using an 
explicit or implicit time integration scheme (see e.g. Gropp 
et al (1995), Crabtree et al (2000) and Gunter et al (2002)). 
A recent implementation using an underlying regular spatial 
mesh on modern graphics processing units is described in 
detail in Sadovskyy et al (2015). Irregular voids and internal 
boundary condition are most naturally discretized by irregu-
lar/unstructured discretization schemes, see, e.g. Du (1994), 
Gao and Sun (2015) and Li and Zhang (2015).

The TDGL approach was used earlier to study differ-
ent properties of the vortex state. In Gropp et al (1995) and 
Crabtree et al (2000) the numerical integration of the TDGL 
system received substantial attention and the dynamics of vor-
tices was studied in different situations, such as plastic and 
elastic steady-state motion in the presence of a twin boundary, 
dynamics in systems with regular and irregular arrays of point 
defects, and vortices moving through an array of columnar 
defects. These studies were mostly illustrative and a mean-
ingful exploration of larger systems was impeded by com-
putational limitations. In two-dimensional simulations it has 
recently been possible to simulate the collective dynamics of 
up to a hundred vortices: in Palonen et al (2012) the authors 
studied the field dependence of the critical current, ( )J Bc , in 
thin films with columnar defects aligned with the field and 
compared it to the critical current of a thin-film YBa2Cu3O6+x 
sample doped with BaZrO3 nanoparticles and found good 
agreement, see figure  31. The experimental film was 15 nm 
thick such that the 2D approximation worked rather well. It is 
worth noting, that the authors of this work found no difference 
for J Bc( ) using κ-values of 10 or 100 (see figure 2 in Palonen 
et al (2012)).

Besides lower dimensional systems, vortex configurations 
in realistic mesoscopic samples arising from confinement 
effects were explored in Schweigert et al (1998), Schweigert 
and Peeters (1998), Baelus et al (2007) and Liu et al (2011). 
Recently, the dynamic response of narrow superconducting 
tapes and ribbons became of interest, where vortex structures 
are pinned by surface barriers and the third critical field, Hc3, 
plays an important role (Córdoba et al 2013, Vodolazov 2013).

A realistic description of the electromagnetic response of 
macroscopic three-dimensional superconductors was not pos-
sible until recently. A first step towards meaningful dynamics 
simulations of high-performance superconductors was con-
ducted by Winiecki & Adams (Winiecki and Adams 2002b). 
Using a fast and reliable numerical method to approximate 
solutions of the TDGL equations  (Winiecki and Adams 
2002a), they simulated the vortex lattice motion in a mod-
erately sized three-dimensional volume of size 20 3( )ξ  and 

Figure 31.  Calculated Jc (empty symbols) compared to 
experimental data (line points) when the simulation and sample 
contain nanorods. The simulation point is an average over several 
different pinscapes and the error bars are the standard deviations of 
those. (Reprinted figure with permission from Palonen et al (2012) 
(figure 4(a)). Copyright (2012) by the American Physical Society.)
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two-dimensional simulations (system size 60 20ξ ξ× ) of ran-
dom pinning sites and triangular lattices of pinning centers. 
Pinning was introduced by an artificial box/step potential in 
the Ginzburg–Landau free energy. Thermal fluctuations were 
not taken into account to ensure that the critical current has a 
well-defined value at the depinning transition. However, these 
efforts, carried out more than a decade ago, marked the begin-
ning of numerical approaches to achieve large critical currents 
by predicting the underlying pinning configuration. In fact, 
Winiecki & Adams predicted the optimal density of pinning 
sites for a given type of pinning potential in the 2D case (see 
figure 32). The authors studied two different kind of pinning 
configurations: (i) random distribution of pinning centers of 
size 0.8ξ (potential height 2.0) and (ii) the same pinning cent-
ers arranged in a triangular array. The largest critical currents 
observed were 5% of the depairing current density in case (ii), 
but was sharply peaked around the corresponding defect den-
sity equal to the vortex line density. In the case (i) the optimal 
critical current was reduced by a factor of 2, and the maximum 
was more robust with respect to the defect density.

More recently, the optimal pinning by monodisperse 
spherical inclusions was investigated in Koshelev et al (2016). 
The simulated system size was 100 100 50ξ ξ ξ× ×  with 
256 256 128× ×  mesh points. This system was much larger 
than any studied before, allowing for a more realistic simula-
tion of the collective dynamics of the vortex matter and thermal 
fluctuations were taken into account as well. The current– 
voltage dependences for different particle sizes and densities 

were computed and used to evaluate the critical currents, Jc, 
which was defined by the criterion ( ) ρ=E J J0.02c ff c, where ffρ  
is the free flux-flow resistivity.

The pinning effectiveness of the particles was character-
ized by the volume fraction f occupied by them. At low den-
sities the critical current always increased with f. Above a 
certain density, adding more particles started to degrade the 
critical current. This may be caused by jumping of vortex 
lines between the inclusions and/or by the reduction of the 
effective cross section  available for the supercurrent due to 
the introduced normal fraction. Therefore, it is important to 
find the size and density of particles that maximizes the criti-
cal current.

Figure 33(a) shows the representative plots of the critical 
current Jc versus the particle volume fraction f for diameter 
a 4ξ=  and three magnetic fields. For every magnetic field, 
the critical current reaches a maximum at a certain volume 
fraction f. This optimal f increases with the magnetic field. 
Figure  33(b) shows the contour plot of the dependence of 
the critical current on the nonsuperconducting volume frac-
tion f and particle diameter a for B H0.05 c2= . One can see 
that the maximal critical current is realized at a 4.2ξ≈  when 
approximately 20% of the total volume is replaced by the non-
superconducting material. The optimal pinning parameters 
were determined for several magnetic fields. Figure  33(c) 
shows B-dependences of the optimal particle size aopt and 
the maximum critical current Jc,max achieved for the optimal 
parameters for H B H0.016 0.2c2 c2< < . Within this range, the 
optimal diameter monotonically decreases with increasing 
magnetic field from 4.5ξ∼  to 2.5ξ∼ . This indicates that the 
optimal scale of disorder has to be comparable with the typi-
cal distance between the vortices. The optimal volume frac-
tion has a weak field dependence and stays within the range of 
17–22% (not shown). Analysis of the pinned vortex configu-
rations shows that at the optimal particle density only about 
20% of the vortex-line length is located outside the particles. 
The maximum critical current drops from 12% of Jdp at small-
est fields to 3% of Jdp at B H0.2 c2= . A general observation is 
the absence of a universal optimal pinning configuration for 
all magnetic fields meaning that pinning landscapes should be 
designed taking into account the field range relevant for the 
specific applications.

Only a preliminary comparison of these results with exper-
iment is possible at present since very few systematic studies 
of the particle density and size dependence of the critical cur
rent have been performed (Coll et al 2013, Miura et al 2013). 
While the particle density can be controlled by precursor com-
position, the particle size can only be changed within certain 
limits by tuning the fabrication process. It is clear that a clean 
scenario when only the particle density changes and every-
thing else remains the same can never be realized in practice. 
In Coll et al (2013), pinning by Ba2YTaO6(BYTO) particles 
in solution derived YBCO films has been investigated. The 
particle size grows with density, from 15 nm for 3% molar 
percentage of BYTO to 40 nm for 15%. The diameter of 15 nm 
roughly corresponds to 4ξ at 77 K. A maximum pinning force 
at 77 K is realized at 6–10% of BYTO molar percentage (Coll 
et al 2013). The lower optimal density observed in experiment 

Figure 32.  The critical current density as a function of the defect 
density (in units of 2ξ ) for both random distributions (�) and regular 
triangular arrays (⨿) for the 2D case. The data points are determined 
from an average of six random distributions. The error bars 
(shown for the high density distribution only) indicate the standard 
deviation. An example illustrating the effect of the distribution 
on the V–I curves is shown inset. The bold curve is a fit using 
the function Ax Bxexp( )− , where A and B are fit parameters. The 
critical current density for a regular triangular array is a maximum 
when the pinning density is equal to vortex line density (indicated 
by the dotted line). (Reprinted figure with permission from 
Winiecki and Adams (2002b). Copyright (2002) by the American 
Physical Society.)
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is most likely related to additional defects produced by the 
nanoparticles in the superconducting matrix, such as strain-
induced dislocations or strain-distorted twin-boundaries 
(Guzman et al 2013). These defects pin the vortex segments 
outside the particles. Also, strain suppresses superconductiv-
ity. Both effects can contribute to the reduction of the optimal 
volume fraction with respect to theoretical values.

The pinning by BaMO3 particles (M  =  Zr,Nb,Sn) in 
(Y,Gd)Ba2Cu3Oy coated conductors has been investigated in 
Miura et  al (2013). The average particle sizes vary for dif-
ferent compositions, ∼23 nm (∼6.2ξ at 77 K) for BaZrO3,  
∼41–43 nm (∼12ξ) for BaSnO3, and  ∼83 nm for BaNbO3 
(∼22ξ). Several particle densities were studied for each com-
position. The highest critical current has been observed for 
the smallest BaZrO3 particles. For these particles, the critical 
current continued to grow with increasing particle density for 
all studied temperatures and fields (1 and 3 T for 65 K and 0.5 
and 1 T for 77 K) indicating that the optimal density was not 
reached. However, the maximum volume fraction evaluated 
from their average size and density is rather small, only about 
7.5%. We note also that the smallest particle size studied is 
still larger than the optimal size suggested by simulations.

Alternatively, the particlelike pinning centers in the form 
of defect clusters can be introduced by proton or ion irra-
diation, as described in section 3.2. Such defects are typi-
cally smaller than oxide nanoparticles, around 5 nm, and 
their concentration can be directly controlled by the irradia-
tion dose. However, a systematic microstructural study of 
the shape and volume fraction of irradiation defects has not 
been performed yet. The critical current behaves nonmono-
tonically with irradiation dose and reaches a maximum at an 
optimal dose, see e.g. figure  22(c) for oxygen-ion irradia-
tion. Furthermore, the optimal dose increases with increas-
ing magnetic field and decreasing temperature. Note that 
the studied strong-pinning materials already contain many 
large-size pinning centers in the form of oxide precipitates, 
twin boundaries and dislocations. As a consequence, the 
irradiation defects only improve pinning at high magnetic 
fields and not at very high temperatures. Nevertheless the 
general trends of the optimal dose as function of magnetic 
field are in agreement with the simulated dependences on 
particle densities, see figure 33(a).

Using the same computational approach as in the paper 
mentioned above (described in Sadovskyy et  al (2015)), it 
was recently possible to simulate the vortex dynamics in a 
‘real’ pinning landscape. In Sadovskyy et  al (2016b) large-
scale TDGL simulations were combined with scanning 
transmission electron microscopy tomography of Dy-doped 
YBa2Cu3O7−δ. The latter allowed the reconstruction of the real 
three-dimensional pinning landscape of the experimentally 

Figure 34.  (a) Visualization of the vortex structure in a real sample 
obtained by large-scale TDGL simulations. Vortices (visualized 
by red tubes) were obtained using sophisticated detection methods 
(see Phillips et al (2015)). Inside inclusions, vortices cannot be 
uniquely defined anymore resulting in a dense arragement of loops. 
The semitransparent green isosurfaces represent a order parameter 
amplitude value of 0.3. The geometry of the defects matches the 
experimental one shown below. (b) Visualization of experimental 
sample volume together with the original reconstructed tomogram 
obtain by STEM tomography. (Reprinted from Ortalan et al (2009) 
(figure 5(b)). Copyright (2009), with permission from Elsevier.)

Figure 33.  (a) The dependences of the critical current Jc on the particle volume fraction f for a 4ξ=  and three magnetic fields. (b) Contour 
plot of the critical current on the geometrical parameters f and a for B H0.05 c2= . (c) The field dependence of the optimal particle diameter 
aopt (right axis), and the maximum critical current Jc,max realized for optimal parameters (left axis). The unit of current is the depairing 
current Jdp.
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measured sample (Herrera et  al 2008, Ortalan et  al 2009) 
(see figure 34(b)). This information was subsequently used to 
model the identical landscape as in the experimental system—
down to the resolution limit of the tomography, using almost 
the same size as the sample.

The experimental system has a cuboid shape of size 
534 524 129× ×  nm3 and a Dy doping concentration of 
0.5. Within this volume, seventy-one almost spherical par-
ticles with sizes ranging from 12.2 to 100 nm were recon-
structed. The simulations were performed using a coherence 
length of 4.2ξ =  nm in the ab-plane, which is close to the 
experimental value at 77 K and an anisotropy factor of 

5γ =  suitable for YBCO. The actual simulation volume 
was L L L 128 128 32x y z ξ ξ ξ× × = × × , corresponding to 
538 538 134× ×  nm3, and is slightly larger than the real sys-
tem. Sizes of the non-superconducting inclusions range from 
2.90 to 23.8 (in units of ξ) and occupy about 8.1% of the simu-
lated volume. Figure 34(a) shows a snapshot of the simulated 
vortex configuration of the sample at a fixed magnetic field.

Compared to the work on optimal pinning configurations 
for mono-disperse spherical particles (see above), one cannot 
expect that the simulated system in this case has an optimal 

Figure 35.  (a) Simulation results (green) for the field-dependence 
of the critical current of the sample in comparison to the 
experimentally obtained dependence (red). The simulation uses 
the defect geometry presented in Ortalan et al (2009) with Dy 
concentration 0.5. The corresponding measured data (red) is taken 
from Herrera et al (2008) (figure 1(b)). (b) Simulation result 
for the same geometry as in (a), but with added smaller defects. 
This addition of smaller defects corresponds to a higher Dy 
concentration of 0.75 in the experiment (red) (data from figure 1 of 
Ortalan et al (2009)). The exponents of the field dependence fit are 
in excellent agreement in both cases. The offset of the experimental 
curves compared to the simulation can be explained by the different 
criteria for the definition of the critical currents (see text). The 
simulation data is taken from Sadovskyy et al (2016b).
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Figure 36.  Angular field-dependence of the criticial current, Jc in 
REBCO coated conductor containing BZO nanorods (red curves). 
The broad peak in θJc( ) around c-axis signals correlated pinning 
due to the nanorods. Upon heavy-ion irradiation at an angle of 
45°, the enhanced pinning due to the BZO nanorods is wiped out 
and replaced by strong pinning due to irradiation tracks centered 
around 45° (green curves). (a) shows the experimental field-
angle dependence of Jc and (b) corresponding TDGL simulations 
reproducing the dramatic non-additive change in pinning 
characteristics using realistic materials parameters. (See Sadovskyy 
et al (2016a))
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pinning landscape—especially considering that the optimally-
sized particles (3.5ξ to 4ξ) occupy only 0.8% of the volume. The 
main achievement of this work is that the simulated magnetic 
field dependence of the critical current is in good qualitative 
and almost quantitative functional agreement with the exper
imentally observed behavior, see figure 35(a). This work also 
suggests that more detailed STEM tomography studies could 
further improve the quantitative agreement—in particular if 
smaller defects could be detected, such as those introduced by 
higher Dy doping, then the measurements for a sample with 
Dy doping of 0.75 can be explained, see figure 35(b). Overall, 
this paper clearly shows that TDGL simulations are a valu-
able tool that can faithfully describe the dynamic properties of 
high-performance type-II superconductors with the potential 
for predictive capabilities and analysis.

Finally, we review numerical simulations of experiments 
on a commercial high-temperature superconducting tape con-
taining well-controlled correlated defects (Sadovskyy et  al 
2016a). These rare earth barium copper oxide (REBCO) 
coated conductors contain pinning defects in the form of self-
assembled barium zirconate (BZO) nanorods, see figure 15. 
There is a pronounced peak in the field-angle dependence of 

Jc around the c-axis (see figure 36(a) (red curve)) associated 
with the BZO nanorods. Such angular dependence of Jc can 
cause complications in applications such as motors and gen-
erators where the magnetic field orientation with respect to the 
windings are continuously changing. A potential remedy is to 
superimpose the pinning action of linear defects oriented at 
different angles to smooth out the angular dependence. To cre-
ate such columnar defects at controlled angles, the sample was 
irradiated by 1.4 GeV Pb-ions at an angle of 45°. Surprisingly, 
the angular dependence of Jc resulting from the superposition 
of BZO nanorods and irradiation tracks is characterized by a 
single pronounced maximum at 45° due to the tracks and the 
pinning effect of the nanorods has been completely eliminated 
(figure 36(a) (green curve)).

The unexpected non-additive nature of the two types  
of pinning centers can be reproduced by TDGL simulations 
(figure 36(b)). Furthermore, the vortex mechanism responsible 
for this behavior can be visualized through simulations: vorti-
ces aligned with the BZO can easily jump from one nanorod 
to the next by sliding along the oblique columnar defects. This 
effect is directly responsible for the reduced critical current 
for magnetic field along the BZO nanorod direction.

The simulations go beyond reproducing the measured 
behavior—the concentration of BZO nanorods or columnar 
defects was varied in order to find optimal concentrations for 
the largest possible critical currents yielding 12–14% of Jdp in 
a limited angular range, see figure 37 ((a) shows the depend
ence on the nanorod concentration and (b) the dependence on 
the columnar track concentration). In the experiments  ∼1.5% 
of Jdp was reached, signaling significant headroom for further 
optimization. For all studied parameters, only a single peak in 
the critical current was observed rather than a superposition of 
the Jc-peaks due to the BZO nanorods at 0� and the irradiation 
tracks at 45�, indicating that mixed-pinning landscapes with 
different geometry—such as shown figure 12(a)—need to be 
implemented in order to alleviate the strong angular depend
ence of Jc.

The examples described above show that a quantitative 
prediction of the critical current of a superconductor from its 
microstructure is now within reach. These examples highlight 
the first steps towards this goal and demonstrate the emer-
gence of a new paradigm: critical current by design. This con-
cept suggests that TDGL simulations are a powerful method 
to design and predict optimal pinning landscapes that are 
robust with respect to small variations and can be used to fur-
ther enhance the already high critical current density of high-
performance superconductors (OSCon (2012–2017)).

5.  Summary and outlook

In this review we demonstrate that a fundamental understand-
ing of vortex matter in mixed-pinning landscapes requires 
a synergistic pursuit of theory, experiment and simulations. 
Recent studies indicate that particle irradiation that was used 
previously to probe vortex dynamics in single crystals can be 
an extremely useful tool to unravel the additive and competing 
vortex pinning effects among different defect morphologies 

Figure 37.  Prediction of the angular field-dependence of the 
criticial current density obtained by TDGL simulations. (a) shows 
the dependence on the nanorod concentration, where the dashed red 
line indicates the concentration in the experiment (B N p, ,φ ), shown in 
figure 36 as red lines. (b) shows the dependence on the (irradiation) 
track concentration at a fixed B N p, ,φ . The experimental concentration 
B C i, ,φ , indicated by a dashed green line, corresponds to the green 
lines in figure 36. The inset shows the irradiation and measurement 
geometry. (See Sadovskyy et al (2016a))
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by tailoring the irradiation dose, the particle size and energy. 
Large-scale simulations are approaching levels whereby 
experimentally observed trends can be reproduced, thereby 
opening an avenue to identify the important factors in further 
optimizing vortex pinning and critical current. Furthermore, 
by relating experimental 3D TEM studies and bulk criti-
cal current measurements with large-scale time-dependent 
Ginzburg–Landau simulations on commercial HTS wires, a 
new paradigm has emerged in the form of ‘critical current by 
design’ which aims to provide predictive powers to determine 
the optimal vortex pinning landscape for targeted critical cur
rent in magnetic fields. These studies have so far revealed the 
non-additive interaction between correlated pinning defects in 
a mixed-pinning landscape, and their contribution to the mac-
roscopic critical current. This provides the first step towards 
a solid formulation to design pinning landscapes with pre-
dictable critical currents for applications. From an applied 
perspective, recent work have demonstrated that the irradia-
tion time to induce defects to enhance the critical current in 
commercial YBCO coated conductor wires can be greatly 
reduced, hinting at a viable reel-to-reel post production pro-
cess to nearly double their critical current at high magnetic 
fields and at temperatures that are of interest in superconduct-
ing rotating machinery.
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