
Solution To PHYS622 Homework Set 9

1 Solution1

V
(1)
± = ∓Vx ± iVy√

2
, V

(1)
0 = Vz

V
′(1)
+ = − 1√

2
[(Vx cosβ + Vz sinβ) + iVy]

V
′(1)
0 = −Vx sinβ + Vz cosβ

V
′(1)
−1 =

1√
2
[(Vx cosβ + Vz sinβ)− iVy]

If we rotate a vector ~V about the y-axis by an angle β,the new vector is:V ′
x

V ′
y

V ′
z

 =

 cosβ 0 sinβ
0 1 0

− sinβ 0 cosβ

Vx

Vy

Vz


2 Solution2

(a).

T
(1)
+1 =

i

2
[(UyVz − UzVy) + i(UzVx − VzUx)]

T
(1)
0 =

i√
2i

[(UxVy − VxUy)]

T
(1)
−1 =

i

2i
[(UyVz − UzVy)− i(UzVx − VzUx)]

(b).

T
(2)
+2 =

1
2
[(UxVx − UyVy) + i(UxVy + VxUy)]

T
(2)
−2 =

1
2
[(UxVx − UyVy)− i(UxVy + VxUy)]

T
(2)
+1 = −1

2
[(UxVz + UzVx) + i(UyVz + VyUz)]

T
(2)
−1 = −1

2
[(UxVz + UzVx)− i(UyVz + VyUz)]

T
(2)
0 =

1√
6
[(2UzVz − UxVx − UyVy)]

3 Solution3

A =
l + 1 +~l · ~σ

2l + 1
, B =

l −~l · ~σ
2l + 1

1



Note ~l · ~σ = ~J2 −~l2 − ~S2

A|j = l + 1/2,m >=
l + 1 +~l · ~σ

2l + 1
|j = l + 1/2,m >=

l + 1 + ~J2 −~l2 − ~S2

2l + 1
|j = l + 1/2,m >=

l + 1 + (l + 1/2)(l + 3/2)− l(l + 1)− 1/2(1/2 + 1)
2l + 1

|j = l + 1/2,m >= |j = l + 1/2,m >

A|j = l − 1/2,m >= 0

Similarly

B|j = l + 1/2,m >= 0
B|j = l − 1/2,m >= |j = l − 1/2,m >

Write an arbitrary state in terms of the angular momentum states,

ψ =
∑
m

Cm|j = l + 1/2,m > +
∑
m

Dm|j = l − 1/2,m >

Aψ =
∑
m

Cm|j = l + 1/2,m >

A2Ψ = A
∑
m

Cm|j = l + 1/2,m >=
∑
m

Cm|j = l + 1/2,m >

Bψ =
∑
m

Dm|j = l − 1/2,m >

B2Ψ = B
∑
m

Cm|j = l − 1/2,m >=
∑
m

Cm|j = l − 1/2,m >

Hence, A2 = A , B2 = B.

< m− 1/2, 1/2|l + 1/2,m >=

√
l +m+ 1/2

2l + 1

< m− 1/2, 1/2|l − 1/2,m >=

√
l −m+ 1/2

2l + 1

< m+ 1/2,−1/2|l + 1/2,m >=

√
l −m+ 1/2

2l + 1

< m+ 1/2,−1/2|l − 1/2,m >=

√
l +m+ 1/2

2l + 1

4 Solution4

(a).

< n′, l′,m′| ∓ 1√
2
(x± iy)|n, l,m >=< l, 1;m,±1|l, 1; l′,m′ >

< n′l′||T (1)||nl >√
2l + 1

2



< n′l′m′|z|nlm >=< l, 1;m, 0|l, 1; l′,m′ >
< n′l′||T (1)||nl >√

2l + 1

=⇒
< n′, l′,m′| ∓ 1√

2
(x± iy)|n, l,m >

< n′l′m′|z|nlm >
=
< l, 1;m,±1|l, 1; l′,m′ >

< l, 1;m, 0|l, 1; l′,m′ >

(b).

< n′l′m′| ∓ 1√
2
(x± iy)|nlm >=

∫ ∫ ∫
R∗n′l′(r)Y

∗m′

l′ (θ, φ)(∓ 1√
2
)(x± iy)Rnl(r)Y m

l (θ, φ)r2dr sin θdθdφ

< n′l′m′|z|nlm >=
∫ ∫ ∫

R∗n′l′(r)Y
∗m′

l′ (θ, φ)(r cos θ)Rnl(r)Y m
l (θ, φ)r2dr sin θdθdφ

=⇒
< n′l′m′| ∓ 1√

2
(x± iy)|nlm >

< n′l′m′|z|nlm >
=
∓ 1√

2

∫ ∫
Y ∗m′

l′ (θ, φ)Y m
l (θ, φ)e±iφ sin dθdΩ∫ ∫

Y ∗m′
l′ (θ, φ)Y m

l (θ, φ) cos θdΩ

Calculate the integration in the numerator and denominator,we have

N =

√
2l + 1
2l′ + 1

< l, 1; 0, 0|l, 1; l′, 0 >< l, 1;m± 1|l, 1; l′,m′ >

D =

√
2l + 1
2l′ + 1

< l, 1; 0, 0|l, 1; l′, 0 >< l, 1;m, 0|l, 1; l′,m′ >

< n′l′m′| ∓ 1√
2
(x± iy)|nlm >

< n′l′m′|z|nlm >
=
< l, 1; 0, 0|l, 1; l′, 0 >< l, 1;m± 1|l, 1; l′,m′ >

< l, 1; 0, 0|l, 1; l′, 0 >< l, 1;m, 0|l, 1; l′,m′ >

5 Solution5

(a).

xy =
T

(2)
+2 − T

(2)
−2

2i

xz =
T

(2)
−1 − T

(2)
+1

2
x2 − y2 = T

(2)
+2 + T

(2)
−2

(b).

e < α, j,m′|(x2 − y2)|α, j,m = j >=
Q√
6
< j, 2;m = j, q = −2|j, 2; j,m′ >

< j, 2;m = j, q = 0|j, 2; j,m = j >

6 Solution6

Hint = A(3S2
z − S2) +B(S2

+ + S2
−)

3



A =
eQ

4s(s− 1)h̄2

(
∂2φ

∂z2

)
0

B =
eQ

4s(s− 1)h̄2

[(
∂2φ

∂x2

)
0

+
1
2

(
∂2φ

∂z2

)
0

]
Write Hint as matrix form

Hint = h̄2


3A 0 2

√
2 0

0 −3A 0 2
√

3B
2
√

3B 0 −3A 0
0 2

√
3B 0 3A


The eigenvalues are

E1,2 = −
√

3
√

3A2 + 4B2h̄2

E3,4 =
√

3
√

3A2 + 4B2h̄2

Two-fold degeneracy. Eigenvectors are
0

−3A+
√

3
√

3A2+4B2

2
√

3B
0
1

 ,


−3A+

√
3
√

3A2+4B2

2
√

3B
0
1
0

 ,


0

−3A+
√

3
√

3A2+4B2

2
√

3B
0
1

 ,


3A+

√
3
√

3A2+4B2

2
√

3B
0
1
0


7 Solution7

~µ = ~µl + ~µs =
e

2mc
(~L+ 2~S)

~µ2 =
( e

2mc

)2

[2 ~J2 −~l2 + 2~S2]

< nljmj |~µ2|nljmj >=
(

e

2mjc

)2

[2j(j + 1)− l(l + 1) +
3
2
]h̄2

=⇒ µ =
(

eh̄

2mjc

) √
2j(j + 1)− l(l + 1) +

3
2

From the projection theorem,we have

< nljmj |µ0|nljmj >=
< nljmj | ~J · µ|nljmj >

j(j + 1)h̄2 < jmj |Jz|jmj >=
mj

j(j + 1)h̄2 < jljmj | ~J · ~µ|nljmj >

~J · ~µ =
e

2mc
[ ~J2 + ~J · ~S] =

e

2mc
[
3
2
~J2 +

1
2
~S2 − 1

2
~L2]

Therefore,we have

< nljmj | ~J · µ|nljmj >=
e

2mc
[
3
2
(j + 1)j − 1

2
l(l + 1) +

3
8
]h̄2

< nljmj |µz|nljmj >=
mj

j(j + 1)
e

2mc
[
3
2
(j + 1)j − 1

2
l(l + 1) +

3
8
]

4


