
Solution To PHYS622 Homework Set 6

1 Solution1

(a).

− h̄2

2m
[
1
ρ

∂

∂ρ
(ρ
∂ψ

∂ρ
) +

1
ρ2

∂2ψ

∂θ2
+
∂2ψ

∂2
] = Eψ

Let

ψ(ρ, θ, z) = [AJm(kρ) +BNm(kρ)][Ceimθ +De−mθ][Eeαz + Fe−αz]

we have

m = integer,K ≡
√
α2 − 2m|E|/h̄2

Because of the boundary conditions,we get

α = ik, kL = lπ, l = 1, 2, ...

.
Also

d2R

dx
+

1
x

dR

dx
+ (1−m2/x2)R = 0, where x = Kρ

Boundary conditions: ψ(ρ = ρa) = ψ(ρ = ρb) = 0

AJm(kρa) +BNm(kρa) = 0
AJm(kρb) +BNm(kρb) = 0

→ Jm(Kρb)Nm(Kρa)−Nm(Kρb)Jm(Kρa) = 0

Write the n-th root of equation as Kmn . Therefore

α2 = −k2 = −l2π2/L2 = K2 + 2m|E|/h̄2

→ Emn,l =
h̄2

2m
(K2

mn + l2π2/L2)

(b).In case ~A = Bρ2
a

2ρθ̂

H =
1

2m
(~p− e ~A

c
) = − h̄2

2m
(∇− ieBρ2

a

2h̄c
θ̂)2

Let ∇′

θ = 1
ρ ( ∂

∂φ −
ieBρ2

a

2h̄c ) then H = − h̄2

2m (∇′
)2 . So

eimφ → eim
′
φ,m

′
= m+

eBρ2
a

2h̄c

Em′n,l =
h̄2

2m
(K2

m′n
+ l2π2/L2)
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(c).For ground state

m
′
= 0 → m = −eBρ

2
a

2h̄c
≡ −N

πρ2
aB =

2πh̄cN
e

2 Solution2

(a).

[πi, πj ] = [pi −
eAi

c
, pj −

eAj

c
] = −[pi,

eAj

c
] + [pj ,

eAi

c
] =

ih̄e

c
([∂i, Aj ]− [∂j , Ai]) =

ih̄e

c
εijkBk

d~x

dt
= (~p− e ~A

c
)/m = ~Π/m

d2xi

dt2
=
dΠi

dt
=

1
ih̄

[Π,H] =
1
ih̄

([Πi,
Π2

2m
] + e[Πi, φ])

[Πi, φ] = −ih̄∂iφ = ih̄Ei

1
2m

[Πi,Π2] =
1

2m
[Πi,Πj ]Πj +

1
2m

Πj [Πi,Πj ]

=
ih̄e

2cm
εijk(BkΠj + ΠjBk)

=
ih̄e

2c
(~P × ~B − ~B × ~P )

=
ih̄e

2c
(
d~x

dt
× ~B − ~B × d~x

dt
)

Therefore

m
d2~x

dt
=
d~Π
dt

= e[E +
1
2c

(
d~x

dt
× ~B − ~B × d~x

dt
)]

(b).

[
1

2m
(−ih̄∇− e ~A

c
)2 + eφ]ψ = ih̄

∂

∂t
ψ (1)

[
1

2m
(ih̄∇− e ~A

c
)2 + eφ]ψ∗ = −ih̄ ∂

∂t
ψ∗ (2)

ψ∗(1)− ψ(2) :

ih̄
∂

∂t
(ψ∗ψ) =

1
2m

[−h̄2(ψ∗∇2ψ − ψ∇2ψ∗) +
2ih̄e
c

(∇ · ~A+ ~A · ∇)(ψ∗ψ)]

∂

∂t
(ψ∗ψ) = ih̄

1
2m

∇ · (ψ∗∇ψ − ψ∇ψ∗) +
e

mc
∇ · ( ~A|ψ|2)
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Therefore,

∂ρ

∂t
+∇ · [ h̄

m
Im(ψ∗∇ψ)− e

mc
~A(ψ∗ψ)] = 0

~J =
h̄

m
Im(ψ∗∇ψ)− e

mc
~A(ψ∗ψ)

3 Solution3

(a).From 2(a). we get

[Πx,Πy] =
ih̄e

c
Bz = ih̄

eB

c

(b).

H =
1

2m
(Π2

x + Π2
y + P 2

z )

1
2m

(Π2
x + Π2

y + P 2
z )ψ = Eψ

We can separate the motion in z-direction and get

1
2m

(Π2
x + Π2

y)ψ = (E − h̄2k2

2m
)ψ

For the motion in x-y plane,compare it with one-dimensional harmonic oscilla-
tion:

[Πx,Πy] = ih̄
eB

c
, [p, x] = −ih̄

The mapping is clear k
m → ( eB

mc )2 Therefore,

En,k =
h̄2

2m
+
eBh̄

mc
(n+

1
2
)

4 Solution4

~µ = gn(
eh̄

2mc
)~S, L = gn(

eh̄

2mc
)~S · ~B, < ~S · ~B >=

1
2
B

∆φ =
1
h̄

∫
Ldt =

1
h̄
gn

eh̄

2mc
B

2
T

T =
l

v
=

l

p/m
=
mλ

h̄

Therefore

∆φ = gn
eλl

4h̄c
B = π → B =

4πh̄c
egnλl
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5 Solution5

U =
a0 + i~σ · ~a
a0 − i~σ · ~a

≡ A

A+

Note [A,A+] = 0 ,i.e.they commute. So

U = A(A+)−1, U+ = A−1A+

Therefore

UU+ = A(A+)−1A−1A+ = A(AA+)−1A+ = A(A+A)−1A+ = AA−1(AA−1)+ = 1

detU = detA det(A+)−1 = detA det(A−1) = 1

We also can write U as explicitly form:

U = A(A+)−1 = A2(AA+)−1 =
a2
0 + 2i(~σ · ~a− |~a|2)

a2
0 + |~a|2

=
a2
0 − |~a|2)
a2
0 + |~a|2

+
2ia0

a2
0 + |~a|2

~σ · ~a

So

U = cos
φ

2
− i~σ · â sin

φ

2

â = −n̂, cos
φ

2
=
a2
0 − |~a|2)
a2
0 + |~a|2

6 Solution6

(a). A→ 0, eB
mc 6= 0

H → eB

mc
(Se−

z − Se+

z )

Hχe−

+ χe+

− =
eB

mc
(
h̄

2
+
h̄

2
)χe−

+ χe+

− =
eBh̄

mc
χe−

+ χe+

−

Therefore χe−

+ χe+

− is an eigenfunction of H in the limit A→ 0 with eigenvalue eBh̄
mc .

(b).

H = A~Se− · ~Se+ = A
(~Se− + ~Se+

)2 − (~Se−)2 − (~Se+
)2

2
= A

(~Stotal)2 − (~Se−)2 − (~Se+
)2

2

(~Se−)2χe−

+ χe+
=

3h̄2

4
χe−

+ χe+

(~Se+
)2χe−

+ χe+
=

3h̄2

4
χe−

+ χe+

4



But χe−

+ χe+
is not the eigenstate of ~Stotal. However we can write

χe−

+ χe+
=

1√
2
(|1 > +|0 >)

where

~S2
total|1 >= s(s+ 1)h̄|1 >= 2h̄|1 >

~S2
total|0 >= s(s+ 1)h̄|1 >= 0

Therefore

< H >= −Ah̄
2

4

5


