Solution To PHYS622 Homework Set 3
JJS 1.21, 1.26, 1.29, 1.32, 1.33

1 Solutionl

This is the one-dimensional rigid wall potential. The wave functions are ¥ g(x) =
v/2/asin(nmz/a),n =1,2,3,...,n = 1is the ground state n > 1 are the excited
states. We have < (Az)? >=< 2% > — <z >% < (Ap)? >=<p? > — <
p>2 where p= —ih0, and p® = —h28§ .For the rigid wall potential, we have

2 a
<z?>= 5/ r?sin®(nnx/a)dr = a*[1/3 — 1/2n7?]
0
2 v,
<z>=— [ wsin (nw/a)dr = a/2
0

2 a

<p? >= 5/ sin(nmx/a)(—h*0%)sin(nmx/a)dx = h*/a*(nr)?
0

<p>= g/ sin(nmzx/a)(—ihdy)sin(nrz/a)dr = 0.
aJo

Therefore the uncertainty product < (Az)? >< (Ap)? >= h*/2[(n7)?/6 —
1], for ground state n = 1 ,for excited states n > 1.

2 Solution?2

We have |S;;+ >= 1/V2(|+ > +|— >),|Ss;— >= 1/v2(]+ > —|— >). Let

U = <U11 Utz be the transformation matrix between .S, diagonal basis
Ua1 Us

and S, diagonal basis,i.e.

(5:2) - (e w) (£2) o>

Obviously, Uy = Uyp = 1/\/§ and Us; = 1/\/§7 Uyy = —1/\/5.
Take |Sz;+ >= Ui+ > +Uis|— >= > < a|Sy;+ > |a >,|Sz;— >=
Uai|+ > +Ura|— >= > < b|Sy;— > [b > v:ith a,b = +, — .Take the general
foom U = Z|br >b< a™| then Ulr >= Z|b(’") >< a|r > . Identity

la >,|b> Wlth b0 > and < a™|r > with < a\Sw,—i— >, < b|Sy; — > .We see
that U can be expressed as U = 3 [b(") >< (7).

3 Solution3

(a).We assume that G(p) and F(Z) can be expressed as a power series



GD) = anmpP]'vh, F(F) = Y Bupaja]'z).

n,m,l n,m,l
By induction,we can prove [z;,p}] = nih?~" and [p;, 2] = —nih? . So we
could have
n,om 11 _ s, n—1_m_ 1 n,m 11 _ . n—1_m, .|l
[zi, D} pj py] = nihp; Pj P> [pi, @ T x ] = —niha; Lj T

Using the series form for G(p) and F(Z) ,we get

(b). [z%,p%] = [2%,plp + pl2?,p] = 2ihxp + 2ihpr = 2ihi{z,p}, The classical
2 2

P.B. for [2%,p?|a = 87"326% - 679028% = 2z(2p) = 4xp. Since in the classical

limit z, p = 2zp, we have [22,p?]om = ih[z?, p*]a

4 Solution4

(a).Using < 2'|a >= \/%exp(ikx’—zx’Q/Zdz), we have % < 2'la>= \/%(ikx’—
22 /2d?)exp(ika’ — x'?/2d?) and % < a'la >= \/%(—kQ —1/d? — 2ikx’ /d? +
22 /d*)exp(iks’ — 22 /2d?). So we have

+oo
<p>= / <alz' > (—ih%) < 2'|a > dx’ = hk.

— 00

+o0 2
<p’>= / <alz’ > (-R° 8(1’2) < 2'la > da’ = h?/2d* + h?k>.

(b). < pla>= \/%exp[—(p — hk)2d?/2h?]. Therefore

+oo
<p>:/ <alp > p < pla>dp=hk,

—0o0

—+oo
< p? >=/ <alp > p* <pla>dp="h?/2d* + B’k

5 Solution5
(a).(i)First note

<plzlp’ >= / <plz|lr’ >< 2 |p" > dx

1 A ’ 17
= /x’ <pla’ ><a'|p" > da’ = — /dx’x’e*”” ®'=p")/n
27h



But 6(p'—p") = ﬁ fdgc’gc’e(_””/(”/_p//)/h7 SO gé(p'—p”) = 1h fdx’%e_”/(p/_pu)/h.

2

Therefore, < p'|z|p” >= iha‘z,é(p' — p”). On the other hand,< p'|z|a >=
[dp” < plzp” >< pla >= fdp”iha‘z, < pla >= iha‘z, < p'la > . For(ii)we

can perform an analogous procedure. < fBlz|a >= [dp’ < B|p’ >< p'|z]a >=

[ < Bl > ity <p'la>= [dp'¢5(0)ihgyda(d).
(b).Consider momentum eigenket with eigenvalue p’ , p|p’ >= p'|p’ > . Now

let‘s consider the ket |p/,E >= explizE/h]|p’ > . We have

plp’, E >= peaplizE/h]p’ >= expliaE/hlplp’ > +|p, explizZ/R]]|p’ >
And we know [p, explizE/h]] = —ih(iZ/hexplizZ/h]). So
plp’, E >= pexplizZE/h]|p’ >= explizZ/hlp|p’ > +EZexplizE/h]|p" >
= (p' + E)explizE/h] = (p' + E)|p',E > .

Therefore [p’,Z > is eigenket of p with eigenvalue p’ + = and operator
explizZ/h] is omentum translation operator and « is the generator of mo-
mentum translations.



