Solution To PHYS622 Homework Set 2

1 Solutionl

(a).The characteristic equation det[B—\I] = 0,leads to (A—b)?(A+b) = 0.Hence
A =+b and A = b is a two-fold degenerate eigenvalue.
(b).Straightfowrd matrix multiplication gives

ab 0 0
AB=|0 0 iab|=BA—[A B]=0.
0 —iab 0

(c).The eigenvectors of B together with [A, B] = 0,yield simultaneous eigen-
vectors of Aand B. Let \;be eigenvalues of B, and corresponding eigenvectors
are

u'= | ub | ,where Bu' = A\u',i=1,2,3

For A\; = b,we could choose eigenvector as

1
ul=[0]=|1>.
0
For)\y = b,the eigenvector could be
A 1 0 0
w=-—|1]=—=(1>+i3>),where 2>=[1],3>=0

Vi) v 0 ;

Note u?can not be chosen as same as u' although they have same eigen-
value,because they should be orthogonal.

For nondegenerate A3 = —b, againu®must be orthogonal to u',u?. We can

have
0
1 1
2 :
Ut = — 1 = —(|1 > —1|3 >).

In this new set u(i = 1,2, 3),obviously Au! = au', Au? = —au?, Au® =

3
—au3.

2 Solution2

Choosing the S, diagonal basis, the first measurement corresponds to the opera-
tor M (+) = |+ >< +|.The secod measurement is expressed by the operatorM (+;7) =



|[-+;7 >< +;n|where |[+;7 >= cos(8/2)|+ > +sin(8/2)|]— > with a = 0.
Therefore

M(+;7) = (cos(B/2)|[+ > +sin(B/2)|— >)(cos(8/2) < +| + sin(B/2) < —|)
= cos*(B/2)|+ >< +| + cos(B/2)sin(8/2)(|+ >< —| + |— >< +|) + sin®*(8/2)|— >< —|.

The final measurement corresponds to the operatorM (—) = |- >< —|,and the
total measurement

My = M(=)M(+;R)M(+) = cos(B/2)sin(8/2)| - >< +]

the intensity of the final S, = %hbeam, when the S, = %beam surviving
the first measuremenbt is normalized to unity, is thus cos?(3/2)sin?(3/2) =
sin?(3)/4.To maximize S, = = final beam, set § = m/2,i.e. along OX, and
intesity is 1/4.

3 Solution3

(a).His a diagonal matrix in the orhtonomal basis spanned by |u; >,|ug >
,|lus > ,with the eigenvalues fiw, 2hw, 2h w respectively. When we measure the
energy of system,we can get % with the probability (%)2 = % ,and 2h with the
probability (1)2+(3)? = 3 .Since < H >=<¢|H[¢) >= 3hw ,and < H? >=<
YIH?|p >= 5(hw)? , we can get AH =V<H2>—<H >?=1hw.

(b).Solve characteristic equation det[A — M| = O,we get Ay = a, 2 = a and
A3 = —a. We can choose the eigenstates as |t >= |u; >, |9y >= %ﬂuz >

+lug >), |2 >= %(\ug > —|uz >) respectively. So the possible measurement
value is a with probability | < 91|y > |2 +| < ¥|¢p > |?> = 1. The probability
to get value — a is 0,because | < 3] > |> = 0 . After measurement,the state
vector could be one of Y1 >, |ty >, %(Wl > +lihg >).

(c).Since < B >=< 9|B|yp >= (% + 1y and < B? >=< ¢|B%y) >=b?, we

4
can get AB:\/<B2>—<B>2=b”7Z4\/§.

4 Solution4

Take the normalized linear combination| >= a|+ > +(1 — a2)2¢/’|— >, where
a is real and |a| < 1. Then elementary calculations yield < [(AS;)?| >=
%2[1 —40%(1 — a?)cos?(B)] and < |(AS,)?] >= %2[1 —4a%(1 — o?)sin?(B3)] .
And the produce is

h4
<I(AS)* | >< [(ASy)*| >= 15
Maximum for sin?(28)is when 3 = 7/4,then< [(AS,)?] >< [(ASy)? >=

%[1 —2a?(1 — a?)]? .It is clear that «o? = 1/2 is minimum,and when o? =

[1—4a?(1 — a?) +4a*(1 — a?)2sin*(23)].



0,1 the maximum value h* /16 is reached. Hence the linear 'combination’ that
maximizes uncertainty product is e"/4|— > or4|+ >. That =+ [+ > does
not violate uncertainty relation is obvious because of [S,,S,] = ihS, and <
|S.| >= h/2. For the ¢’™/4|— > case, we note that the phase factor e’™/* cancels
out in the scalar product, and < —|S;|— >=< —|S —y|— >=0 while <
—[82|— >=< —|S2|- >=1*/4 . Again < —[[S;,S,]|— >=< —|ihS — z|- >=
ih(—h/2) = —ih?/2 .Therefore we have < [(AS,)?| >< |[(AS,)?| >= h'/16 =
1/4] < =[Sz, Sy]|— > |2, no violation.

5 Solutionb

(a).We calculate this problem with brute force pa = Trg(|ty >< ¢|) =<
Hy >< Y+ >p +p <~ ><P|- >p . Substitute | >= Jo|+ >4 (5+ >

+§|f >p) + %F >4 (§H > +1|— >p) into above equation,we can get

pa =S4 >< Ha+ 5 ,0- >< —la+ L= >< Ha+ B2+ >< —|aor
Nig

in matrix form ( ) With same procedure,op = 3 l+ >< +|p +

N
LRSS
N

1 V3
sal->< -l + 3 gl— >< +[B + 4B|+ >< —|por pp = (jg %)in

1 2
matrix form.(In this problem,one should be careful. Do not mix the eigenkets

|:l: > A, |:l: >B')

1 V3

Ly V8
(b).We need to diagnolize p 4.From the characteristic equation det < 2 3 4 /\) =
0, we have eigenvalues AL = 1 + f .The eigenstates can written as |z/1 A >=
ﬁ(H' >a |+ >a) . Hence |¢B >=< pE >= 11i4‘f ,and normalize

L\D\»—A

it,one can have < ¢§|¢§ >= 1+ @ = P..Write normalized [¢p > as
|1szt >= ,50 the Schmidt decomposition of [¢ > is [¢p >ap=

VP >a 9t > /P >a Y™ >p.

6 Solution6

Method 1. Use the brute force as in Problemb. Note |+ >,,= cos(%)e’i% [+ >
+sin(97’”)efrdz)m > and |+ >,= cos(%")e’i%n|+ > +5in(%‘)eﬂi§n > .The
probability that both spins are up along their respective axis is P =< +|,,, <
Hnpl+ >0 [+ >m= 1 + 31— (0089m0059 + sinb,sinbpcos(0m — 6,)]. To go
further, we need to use the condition m - 7 = cosf .Write the unit vectors

m and 7 as components form M - 7@ = (sinb,,c08PEy + SiNb,y, SING,Ey +
€080, € ) (5inby, o8Py, €y +5inb,, Siny, €y +c050, € ) = 088,050, sinb,y, sinby,cos(6,, —

0,) = cost .Therefore,P = 1 — Lcos6.




Method 2. If we write p as matrix form,the calculation can be simplified.

£ 0 0 0
3 1
-
0 -1 2 ¢
1
0 0 o0 1
We can write the measurement operator as A = |+ >,< +|.(|+ >m<

+|m) ;where [+ >,,= cos§|+ > +sing|— > jand [+ >,= [+ > . In matrix

form

coszg cosgsing 0 0
o= cosgsing S’L"/l2g 0 0
0 0 0 0
0 0 0 0
Therefore
cos?2 sinfcos?
3 2 28 2 0 0
3sinfcos? 3sin? £ COS2 (4 38’”12 (4 1 1
P =Tr(pA) =Tr — s~ 0 0]= . 2 == — —cost
0 0 0 0 8 8 4 8
0 0 0 0



