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8.10. This problem is similar to Problem 7.14 of the Bose gas and can be done the same way.

Parts (i) and (ii) are straightforward. For part (iii), we have to show that

G 1+(g)2 G S @ =(1+£) Fintiy1 D Fara @)
(o n) Nk f,,(2) n) Al

which can be done quite easily; see eqns. (7) - (9) of the solution to Problem 7.14. For part (iv), we

¢y

observe that, since the quantity S/N is a function of z only, an isentropic process implies that z = const.
Accordingly, for such a process, e
VI™ =const. and P/T™"™ =const.;
see eqns. (2) and (3) of the 'sdlution to Problem 7.14. Eliminating T among these relations, we obtain the
desired equation of an adiabat. For part (v), we proceed as follows.
In this limit z — 0; eqn. (1) gives
Col Cy—1+(s/n). (1)

For z >> 1, on the other hand, we obtain [see formula (E.15)]

% = {1 +(§+1)§%2(£n 2)” +...}{1 +(§. i 1)(—3 —2)56-2—(0: 2)” +}>< '

{1 +€-(§ - 1)—7%2-(1.% 2)” + : .}—2

2 4 ;
=1+%—(£nz)“2+... =1+1‘3—(kT/sF)2,

regardless of the values of s and .

8.12. For a Fermi gas confined to a two-dimensional region of area A,
A A AkT
N=Fﬂ(ZF)=iz—£n(l+ZF), E, =?_f2(2];’) , - (1ab)
while the corresponding results for the Bose gas are

A A AkT
N =Fgl(zs) =——fn(1—23), EB =

e 7 &) (2a,b)

Equating (1a) and (2a), we get



Lo 4
l+ZF =—, le. zk = orf Zp= F .
B
1—ZB I—.ZB 1+ZF

Next, since zdf, (z)/ 9z = f,(2) ,

1
1+z z(1+2)

fi(zg) = J- —fn(1+z)dz J { }fn(l+z)_dz.

_The first part of this integral is readily evaluated; in the second part, we substitute z =z / (1-2"), to get
ZF ( Zp) 1 ,
fz(zp)——fn ()= [ S tnl-2)de =—Zn 42+ 82(2s)

‘ Equahons (1b) and (2b) then yield the desxred result, viz.

N*h?

E-(N,T)=-——+E;(N.T), whence {C, . T)} ={C,(N.T)}, .

Letting 7 — 0, we recognize that the constant appearing in the above result must be equal to
E (N 0). To verify this, we note that, since the Fermi momentum of the gas in two dlmensmns is given by
the equation N = A- -mpk | h?, the Fermi energy is given by £, = =p:l2m= Nh*/2nmA. The ground-
state energy of the gas then follows readily: : 7

2K s A N ]
E.(N.0)= j” Thed A ”p; =—Ne,
h dmh®  4mmA 2

8.13. The Fermi energy of the gas is given by the obvious relation

Ep . : ‘
N= jo a(e)de . - 1
At the same time, the quantities N and U, as functions of [ and T, are given by the standard integrals
- a(€)de - ga(g)de
N= 0 eﬁ(E'#) +1 and U= 0 el’(t—l-l) +1

At low temperatures we employ formula (E.16), with x = Be and & = B, to obtain

N= ja(s)de+—(kT) {da(:)} +i
= [ a(e)de+(u~ ep)a(e,,)+ (kT) {d‘;(:)} S )

b !
v=|" sa(e)ds+1’-6—(kT) { (e)+€ d‘;(:)}e:,, i



de

€p 2 ; -
~_-J0 sa(E)d8+(/.t—sF)eFa(sF)+%(kT)2{a(£F)+£F[da(e)] }

=€ F
Comparing (1) and (2), we obtain for the chemical potential of the gas

-, _m (k1) {da(e)}
e 6 a(ep) | de J..,’

which le;ds to the desired result for fL.

-Next, substituting (4) into (3), we obtain the remarkably simple expression

U =U,+(n*/16)k’Ta(e,), .

whence
C, =(7*/3)k*Ta(e,) . L
It follows-that
_( GdT _ , 3
s_»jo : (7* I )KT ale) .

For a gas with energy spectrum £ o p’, confined to a space of n dimensions,
a(e)de ~ p"~'dp ~ €7 de .
By eqn. (1), the Fermi energy of the gas is given by
N= j:’ A de = % e = iif-a(e,,) .
Substituting this result into (5), we get

Nk s 3\e )’

cf. eqn.. (8.1.39), which pertains to the case n =3, s =2. See also Problem 8.11.
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8.19. Utilizing the result obtained in Problem 8.13, we have for a Fermi gas at low temperatures

G 7 aEr)
> Nk 3 N

Now, the density of states for the relativistic gas is given by, see eqn. (8.4.7),

- 172
87V ,dp 8mmV ( p )2
= pr = {14 ,
a(€) % .p de K p{ mc

(M

where p = p(€). Substituting this result into (1) and making use of eqn. (8.4.4), we get

2. [ 22
G mm 1+(£L) T
Nk pr meJ .}

which leads to the desired result.
In the non-relativistic case (pF <<mc and €; = p,{/ 2m), we obtain the familiar expression

(8.1.39); in the extreme relativistic case’ ( pp>>mc and €= pc), we obtain

S _ o F)
Nk Ep

consistent with expréSsion (7) of the solution to Problem 8.13.



