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6.1.  We start with eqn. (6.1.19) and write it in the form

S = kz.-‘ [n,.’zn(fii-}(nf —-ii)é’n(l - a%—ﬂ . ¢))

Now, setting all g, =1 and identifying (n, / g,.) with (ne) , see eqns. (6.1.18a) and (6.2.22), we get

S=k;[—(ne)ln<nz>+((n€>—%)Zn(l—a(ns))]. @

Choosing a = —1 or +1, we obtain the desired results.

Next we have to verify that

S=_kz{Zp‘(n)gn‘D‘(n)}z_k2<3nPe(n)> : o

Substituting for p,(n) from eqn. (6.3.10) into (3) leads to the desired result (2), with g = —1; substituting

from eqn. (6.3.11) instead leads to the desired result (2), with a = +1.

6.2. Inthe B.E. case, see eqn. (6.3.10),

pmy=1=r)r" [:r=<ne>/( (n)+1 ) n=0_,1,2,...].

It follows that

(n)=(1- r)an =r/(l-r),

n=0

<”§>=(1"‘)Zn2r" =r(l+r)/(1—r)2, so that

n=0

(ni}—(ns)z. =r/(1-r) =<n€)+(ns)2 . (1
Inthe F.D. case, see eqn. (6.3.11),

(nf)= i n’p.(n)=p.(1)=(n,) , so that

n=0

<n§>—<n€>2 =<ns>—<n8>2 : @)

Inthe M.B. case, see eqn. (6.3.12), one can readily see that

(rre =)= Sty L =<ne>22(<_:e:>ﬁe*~> —(n)’, sothat

(ne)={nc)" =(n.) ©)



For the second part, we note, from eqn. 6.2.22, that
~ <rz€)_1 =& 4 g

Differentiating this result with respect to i, we get

2] e b ]

It follows that
kr[i@_)] “(n)=aln) . @
T

o

Cgmparing (4) with our previous results (1)-(3), and with formula (6.3.9), we infer that, quite generally,

(nd)~(n)" =kT{o(n)/ 1],

6.3.  Starting with eqn. (6.2.15), we now have

: -fe\n, 1‘—( e—ﬂe)lﬂ
D =H[§(Ze E ]=H[—1_Z75—-—] '
so that
9@ V.1)= E[Zn{l —(ze Py}~ tn{l —-ze‘ﬂ‘}] :

cf. eqn. (6.2.17). It follows that
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<n£> ﬂ(ae z2,T,allother £

D@ e ™) ze
1—(ze )™ 1-ze™

_ 41

Z—leﬁt _l (Z—leﬂc)l+l -1 :

For ¢ =1, we obtain the Fermi-Dirac result; for { — e and 776 >1 [see eqn. (6.2.16a)], we obtain the

Bose-Einstein resuit.



6.4.  To determine the state of equilibrium of the given system, we minimize its free energy, U — TS,
under the constraint that the total number of particles, N, is fixed. For this, we vary the particle
distribution from n(r) to n(r) + &n(r) and require that the resulting variation

‘n(r)on(r’)+ n(r")on(r)

S(U-TS) =§” drds’+e[ n(r)p,,,(r)dr

+&T [ [1+ £n.n(x)]dn(r) dr = 0
while 6N = j5n(r) dr is, of necessity, zero. Introducing the Lagrange multiplier A, our requirement takes

the form

J[ ’[| dr +eq, (r)+kT [1+Znn(r)] }&z(r)dr=

Since the variation 5n(r) in this expression is arbitrary, the condition for equilibrium turns out to be

fl dr +e@, , (O)+kTinn(r)-u=0, ¢))
where gt = A —kT.
Introducing the total potential ¢(r), viz.

oO=0.. 0+ e[ e )ld' @
condition (1) takes the Boltzmannian form

n(r) = exp[{u —eq(r)}/ kT] . 3)
Choosing n(r) to be n, at the point where @(r) = 0, eqn. (3) may be written as

n(r) = n, exp[—e@()/ kT] . )

With ¢, (1) given, the coupled equations (2) and (4) together determine the desired functions n(r) and

¢(r).



6.6. We have to show that, for any law of distribution of molecular speeds [say, F(u)dul,

oo oo

ju F(u)du Jy" F(u)du _
2 -2 21, ie

I F(u)du I F(u)du
0 0

. 2
Ju Flwdu - ju’l F(u)du 2 [J' F(u)du] .
A

0 0

For this, we employ Schwarz’s inequality (see Abramowitz and Stegun, 1964) ,

b 2, b
[ | f(x)g(x)dx] < [[r@Ydr- lefax .
which holds for arbitrary functions f(x) and g(x) —— so long as the integrals exist; the equality

holds if and only if f(x)=cg(x), where ¢ is a constant. Now, with f(u)=uF(u) and

gw) = ,/ u™ F(1) , we obtain the desired result.

For the Maxwellian distribution,

;
——Pmu?
Fdu~e? udu.
It is then straightforward to see, with the help of the formulae (B.13), that

whence (u)(u‘l> =4/ 7, in conformity with the inequality stated.



