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ti We start with eqn. (6.1.19) and write it in the form

S=k~[n;ln(:: )+( nj'-~Jn(l-a~)] . (1)

Now, setting all gj = 1 and identifying (njO / gj) with (n£) , see eqns, (6.1.18a) and (6.2.22), we get

S=k~[ -(n£)fn(n£)+((n£)-~)fn(1-a(n£))J. (2)

Choosing a = -1 or + 1 , we obtain the desired results.

Next we have to verify that

S=-kI { Ip£(n)fnp£(n) } =-kI(fnp£(n)). (3) - ..!,.

£ n £

Substituting for p£(n) from eqn. (6.3.10) into (3) leads to the desired result (2), with a =-1; substituting

from eqn. (6.3.11) instead leads to the desired result (2), with a = + 1.

g In the B.E. case, see eqn. (6.3.10),

p£(n)=(1-r)rn [r=(n£)/( (n£)+1 ); n=O,1,2,...].

It follows that

(n£)=(1-r)Inrn =r/(1-r),
n=O

(n;)=(1-r)In2rn =r(1+r)/(1-r)2, so that
n=O

(n;)-(n£)2 =r/(1-r)2 =(n£)+(n£)2. (1)

In the F.D. case, see eqn. (6.3.11),

1

(n;) = In2 p£(n) = P£(1) = (n£) . so that

.. n=O

(n;)-(n£)2 = (n£)-(n£)2 . (2)

In the M.B. case, see eqn. (6.3.12), one can readily see that

(n£(n£ -1)) = ~n(n-1)~-(n,) = (n£)2~ ~ -{".) =(n£)2, so that

(n;) -(n£)2 = (n£) . (3)



For the second part, we note, from eqn. 6.2.22, that

(nl;)-1 = e(I;-/l)/kT +a .

Differentiating this result with respect to ,u , we get

-<n.)-i~]T =-~e(I;-/l)/kT =-~[(nl;)'-I-a] .

It follows that

kJ ~ ] =(nl;)-a(ne)"+ . (4).L l J,u T

C?mparing (4) with our previous results (1)-(3), and with fonnula (6.3.9), we infer that, quite generally,

(n;)-(ne)"+ =kIlJ(ne)/J,u]T'

f!:J: Starting with eqn. (6.2.15), we now have

.2(Z, V, T) = Il [ i(ze-pe)nc ] = Il [~.:~::~~~] ,
I; n.=O e 1 Z e

so that

q(z, V,T) = I[ £n{l-(ze-pe)l+l} -£n{ l-ze-pe}] ;
I;

cf. eqn. (6.2.17). It follows that
.-c;

l
(a ) ,

(n ) = -- -.:i
e f3 JE z.T. all other I;

(£ + l)(z e-pe) l (z e-Pe) z e-/3£
-+- - 1- (ze-/3£ )l+1 1- Z e-/3£

1 £+1=- -I /3£ 1 ( -1 pe) l+1 1 . ze- ze -

For £ = I, we obtain the Fenni-Dirac result; for £ -7 00 and z-lepe > 1 [see eqn. (6.2.16a)], we obtain the

Bose-Einstein result.
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g To detemline tl1e state of equilibrium of tl1e given system, we minimize its free energy, U - TS,

under tl1e constraint tl1at tl1e total number of particles, N, is fixed. For this, we vary tl1e particle

distribution from n(r) to n(r) + <5n(r) and require tl1at tl1e resulting variation

8(U - TS) = ~ JJn(r)~(l~~~~r')~(r) drdr' + e J <5n(r)cp ext(r)dr

+kTJ[l + lnn(r)]8n(r)dr = 0 ,

while 8N = J 8n(r) dr is, of necessity, zero. Introducing tl1e Lagrange multiplier A, our requirement takes

tl1e fonn

J[ 2J n(r') , [ ] ]e Rdr +eCPext(r)+kT l+lnn(r) -,1, 8n(r)dr=O .

Since the variation 8n(r) in this expression is arbitrary, tl1e condition for equilibrium turns out to be

n(r')e2 J R dr'+eCPext(r)+kT lnn(r) -.u = 0 , (1)

where.u =,1,-kT.

Introducing tl1e total potential cp(r) , viz.

J n(r') ,cp(r) = cpext(r)+e , ' 1 dr , (2)
r-r

condition (1) takes tl1e Boltzmannian fonn

n(r) = exp[{.u-ecp(r)}/ kT] . (3)

Choosing n(r) to be no at tl1e point where cp(r) = 0, eqn. (3) may be written as

n(r)=noexp[-ecp(r)/kT]. (4)

With cpext(r) given, tl1e coupled equations (2) and (4) togetl1er detemline tl1e desired functions n(r) and

cp(r).
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~ We have to show that, for any law of distribution of molecular speeds [say, F(ll)du],

- -
Ju F(u)du JU-1 F(u)dll
0 0 > 1 .. 1 e- - - , ..

J F(tl)dll J F(u)du
0 0

ill F(u)du . ju-l F(ll)du;?;[ jF(ll)dLl ] 2 .

0 0 0

For this, we employ Schwarz's inequality (see Abramowitz and Stegun, 1964) ,

[ b ] 2 b b

I f(x)g(x)dx ~ I[f(X)J dx. I[g(x)]2 dx ,

which holds for arbitrary functions f(x) and g(x) - so long as the integrals exist; the equality

holds if and only if f(x) = cg(x), where c is a constant. Now, with f(Ll) =.J~ and

g(u) = ~-=iFM ,we obtain the desired result.

For the Maxwellian distribution,

~fJmu2F(Ll)dLl - e 2 u2dLl. .'

It is then straightforward to see, with the help of the formulae (B.13), that

(u) =!1. =
(~ J1n and (U-l) =!l- = (~ )I/2 ,

/2 7r,Bm /2 7r

whence (u)( U-l) = 4/ 7t", in confonnity with the inequality stated.
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