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The magnetic-field-dependent longitudinal and Hall components of the resistivity �xx�H� and �xy�H� are
measured in graphene on silicon dioxide substrates at temperatures 1.6 K�T�300 K. At charge densities near
the minimum conductivity point �xx�H� is strongly enhanced and �xy�H� is suppressed, indicating nearly equal
electron and hole contributions to the current. The data are inconsistent with the standard two-fluid model but
consistent with the prediction for inhomogeneously distributed electron and hole regions of equal mobility. At
low T and high H, �xx�H� saturates to a value �h /e2, with Hall conductivity �e2 /h, which may indicate a
regime of localized v=2 and v=−2 quantum Hall puddles.
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One of the most fascinating aspects of graphene is that the
quasiparticle Hamiltonian is identical to that of massless
Dirac fermions, exhibiting a “Dirac point” at which the den-
sity of states vanishes linearly without the presence of an
energy gap. A striking aspect of experiments is that a finite
conductivity is observed in graphene for all charge
densities,1 with a minimum conductivity �xx,min on order
4e2 /h �but sometimes significantly smaller2 or larger,3,4�, oc-
curring at the minimum conductivity point �MCP�; in the
absence of disorder, the MCP and Dirac point are identical,
but in the presence of disorder, they are slightly different.4,5

The observation of a finite minimum conductivity has
sparked significant theoretical interest. Models invoking only
short-range scattering6,7 give �xx,min=4e2 /�h only exactly at
the MCP, and fail to reproduce the linear gate-voltage depen-
dence of the conductivity �xx�Vg�. Other attempts8 using the
Landauer formalism also obtain �xx�4e2 /�h which de-
pends weakly on aspect ratio, but such models are only
expected to be valid in the ballistic limit for wide samples,
l�L�W, where l is the mean free path, L the sample length,
W the sample width. Some experiments have probed this
limit,2 but many do not.

Here we show that the conductivity near the MCP is
dominated by charge disorder.5,7,9 In contrast to the zero
magnetoresistivity expected for pristine graphene, distinct
electron and hole puddles9 give rise to a large magnetoresis-
tivity with functional form consistent with theoretical work
on effective media10 and with a charge density in agreement
with a self-consistent theory for Coulomb scattering in
graphene.5 At low temperatures and high magnetic fields the
longitudinal resistivity �xx�B� saturates to a value �h /e2,
with Hall conductivity �xy�B��e2 /h. The spatially inhomo-
geneous nature of the MCP9 indicates that this “plateau”11–13

may in fact be due to localized v=2 and v=−2 quantum Hall
�QHE� puddles.

Our graphene devices are obtained by mechanical exfolia-
tion of Kish graphite on 300 nm SiO2 /Si substrates.14,15 Fig-
ure 1�a� shows an optical micrograph of a completed device;
all the data in this paper are from this device. We first char-
acterize the carrier density dependence of the conductivity of
this device at zero and high magnetic field. Figure 1�b�
shows the longitudinal conductivity �xx as a function of gate
voltage Vg. The MCP occurs at Vg,MCP=1.7 V. Away from

the MCP, the conductivity increases linearly. The field
effect mobility �FE= �1 /cg�d�xx /dVg is 1.6 m2 /V s and
2.0 m2 /V s for electrons and holes, respectively, where
cg=1.15�10−4 F /m2, as determined from the Hall effect at
high density.

Figure 1�c� shows �xx and the Hall conductivity �xy as a
function of gate voltage at a magnetic field of 8 T.15,16 The
Hall conductivity shows the half-integer quantized plateaux
that are a signature of graphene:1,17 �xy=ve2 /h, with
v=4�n+1 /2�, n an integer, e the electronic charge, and h the

FIG. 1. �a� Optical micrograph of graphene device. Contrast is
enhanced to show graphene more clearly. White vertical lines are
Cr /Au electrodes, graphene is visible as a slightly darker region
compared to the background SiO2 /Si substrate. �b� Longitudinal
conductivity �xx as a function of gate voltage Vg at zero magnetic
field and temperature of 1.6 K. �c� �xx and Hall conductivity �xy as
a function of Vg at magnetic field of 8 T and temperature of 2.3 K.
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Planck’s constant. The plateaulike region �xy�0 is also
evident.11–13

We now discuss the magnetoresistivity �xx�B� near the
MCP. Figure 2 shows �xx�B� at Vg=1.7 V and temperatures
from 1.6 K to room temperature. At low fields the magne-
toresistivity is roughly temperature independent. At higher
fields the resistivity tends to saturate at a value �0.4h /e2 at
low temperatures, and increases with no saturation for
B�8 T at room temperature. Figure 3 shows the gate volt-
age dependence of the low-field magnetoresistivity, charac-
terized by the curvature d2�xx�B� /dB2 obtained by fitting
�xx�B� to a quadratic over the range −0.2 T�B�0.2 T. The
magnetoresistivity has a sharp peak at the MCP, and falls to
near zero at gate voltages more than a few volts from the
MCP �at Vg=10 V, the curvature is already 300� lower than
at the MCP�.

We discuss the possible origins of the positive magnetore-
sistivity. Weak antilocalization is possible in graphene,18 and
results in a positive magnetoresistivity. However, this effect
should saturate at a small magnetic field scale roughly set by
the coherence length squared, and should be strongly tem-
perature dependent. Also, consistent with an earlier report,19

we observe no weak localization or antilocalization at larger
gate voltages. Hence we conclude that the magnetoresistivity
does not result from weak �anti�localization.

Within the Drude model, a two-dimensional conductor
with a single carrier type �e.g., pristine graphene at zero tem-
perature� exhibits no transverse magnetoresistivity, because
the force exerted by the Hall field cancels the Lorentz force,
and the drift current and resistive voltage are in the same

direction. However, a conductor with electrons and holes
may exhibit large transverse magnetoresistivity, because the
electrons and holes develop components of drift velocity per-
pendicular to the current which cancel to give zero net trans-
verse current. Both holes and electrons are present at zero
temperature in semimetallic graphite, and at finite tempera-
ture in graphene. Such a two-fluid model has indeed been
proposed to explain the gate voltage dependence of the Hall
conductivity in few-layer20 and single-layer21 graphene. For
a conductor with electrons and holes of concentrations n and

p and of equal mobility � ,�xx
n,p�B�=

�xx
n,p�0�

1+��B�2 and �xy
n,p�B�

= 	
�xx

n,p�0��B

1+��B�2 , where the positive sign is for electrons, negative

for holes, and �xx
n,p�0�= �n , p�e�. Then the resistivity compo-

nents are

�xx�B� = �xx�0�
1 + ��B�2

1 + �
�B�2 , �xy�B� = 
�B�xx�B� , �1�

where 
= �p−n� / �p+n�. At the MCP, 
=0,
�xx�B��1+ ��B�2, and �xy=0. Far from the MCP, we expect
that �
 � →1 and �xx�B���xx�0�. This model thus explains
qualitatively the sharp peak in �xx�B� at the MCP �see Fig.
3�. However, it does not explain the functional form of
�xx�B�; Fig. 4 shows �xx�B� at T=300 K, open circles are the
experimental data, while the dotted and dashed-dotted lines
are fits to Eq. �1� with �=1.9 m2 /V s and 
=0, and
�=2.3 m2 /V s and 
=0.4 ��xx�0�=0.125 in both cases�. In
each case � is chosen to match the low-B curvature of the
resistivity d2�xx�B� /dB2=2� / �1−
2� as determined by a fit
to the experimental data for −0.2 T�B�0.2 T �Fig. 4�b��.
The fits are poor outside the low-B region. The two-fluid
model fails quantitatively in other respects: The near absence
of temperature dependence of �xx is not explained; at the

FIG. 2. �Color� Longitudinal resistivity �xx as a function of
magnetic field B at various temperatures, and a gate voltage of
1.7 V �the point of maximum longitudinal resistivity at zero field�.
Data are taken on warming from low temperature.

FIG. 3. �a� Longitudinal resistivity �xx as a function of magnetic
field B at various gate voltages. From top to bottom, curves corre-
spond to gate voltages of 1.7, 2.0, 2.4, 2.8, 3.2, 3.6, 4.0, 10, and
30 V. �b� Longitudinal conductivity �xx �black line, left axis� and
the second derivative of the longitudinal resistivity vs magnetic
field d2�xx /dB2 at small B �filled circles, right axis� as a function of
gate voltage Vg at a temperature of 1.6 K. Dotted line extrapolates
between filled circles.
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MCP, n= p�0.52�kT /�vF�2, so we expect �xx�0�= �n+ p�e�
to depend quadratically on temperature. At T=1.6 K,
n= p�2.3�106 cm−2, and the peak in Vg should have a
width less than 1 mV, not �2 V as observed in Fig. 3. As
discussed previously, another mechanism is already needed
to explain the finite conductivity on order e2 /h at the MCP.
We put a further constraint on this mechanism: it must also
explain the magnetoresistivity at the MCP.

The finite conductivity and the large magnetoresistivity at
the MCP together do suggest p+n remains finite while
p−n→0. There is another scenario in which this is possible:
Adam et al.5 propose that local potential fluctuations may
induce electron and hole “puddles” in a nominally neutral
graphene sheet. Individual graphene samples are character-
ized by a single parameter, the density of Coulomb impuri-
ties nimp, which accurately predicts the minimum conductiv-
ity, the carrier density at which the MCP appears, and the
field-effect mobility. �An additional parameter, the distance
of impurities from the graphene sheet, is determined to be
1 nm from the global fit to data from several research
groups.� Within this model, the impurity density is given by
nimp= �5�1015 V−1 s−1��−1�2.8�1015 m−2 for our sample
�using �=1.8 m2 /V s, the average field-effect mobility for
electrons and holes�. At the MCP, the current is carried by an
effective carrier density n*�1.1�1015 m−2, the minimum
conductivity is given by �xx,min= �20e2 /h��n* /nimp�
�7.8e2 /h, the MCP occurs at a gate voltage Vg,MCP
� n̄e /cg= �nimp

2 /4n*�e /cg=2.5 V, while the spatial charge in-
homogeneity is expected to be important in a region of width
Vg=2n*e /cg=3.0 V around the MCP. These values are in
good agreement with the experimental values �xx,min
=5.9e2 /h and Vg,MCP=1.7 V. Vg agrees well with both the
width of the peak in magnetoresistivity vs Vg in Fig. 3, and

the width of the plateau where �xy�0 in Fig. 1�b�
��2.1 V�. The effective carrier density n*�1.1�1015 m−2

is larger than the thermally excited carrier density at room
temperature 0.8�1015 m−2 �see above�, so we expect tem-
perature dependence to be small at least up to around room
temperature, as observed.

We now discuss the expected magnetoresistivity for the
model of Adam et al.5 While the general problem of magne-
toresistivity in a spatially inhomogeneous conductor is
complex,22 the magnetoresistivity of an inhomogeneous dis-
tribution of electrons and holes with equal mobility and
equal concentrations has been solved exactly,10 and has a
simple analytical form,

�xx�B� = �xx�0��1 + ��B�2�−1/2, �xy�B� = 0. �2�

Equation �2� predicts a magnetoresistivity which is linear in
B at high fields, as shown by the dashed line in Fig. 4, with
�xx�0�=8.0e2 /h and �=2.9 m2 /V s. The low-field behavior
is consistent with Eq. �2�. We find, however, that the fit is
greatly improved if Eq. �2� is modified,

�xx�B� = ��xx,1 +
�xx,0

�1 + ��B�2�1/2	−1

. �3�

In Fig. 4, we plot the experimental data �open circles�
and a fit to Eq. �3� �solid line� with �xx,0=7.1e2 /h, �xx,1
=0.88e2 /h, and �=3.1 m2 /V s. The fit is excellent. Again,
�xx�0� and d2�xx�B� /dB2=� / �1+�xx,1 /�xx,0� are determined
by the low-B data alone, leaving only one additional degree
of freedom to fit the high-B data. We do not yet understand
the origin of the extra conductivity term in Eq. �3�, however,
it is reasonable to expect deviation from Eq. �2� for several
reasons: the electron and hole concentration are not perfectly
balanced, the electron and hole mobilities are not equal,4 and
the sample geometry is far from the ideal Hall bar �some
current must flow through the electrodes�. However, �xx,0 is
an order of magnitude larger than �xx,1, indicating that the
bulk of the magnetoresistivity is described by the unusual
�1+ ��B�2�1/2 dependence. From the conductivity and mobil-
ity obtained from the fit to Eq. �2� we can obtain a carrier
density nexp

* =�xx�0� /�e=6.6�1014 m−2. This density is
about half the predicted n*�1.1�1015 m−2. Overall the data
suggest that the mobility near the minimum conductivity
point is greater than the field-effect mobility; this is consis-
tent with the experimental observation4 and theoretical pre-
diction of a residual conductivity at the Dirac point.23

At low temperatures and high magnetic fields, �xx�B�
saturates to a constant value �0.4h /e2. Additionally, a pla-
teaulike region of �xy�0 is evident in �xy�Vg�. This latter
feature has been interpreted as an integer quantum Hall ef-
fect �QHE� state arising either from the splitting of the valley
degeneracy in the n=0 Landau level �LL�,12 or due to spin
splitting of the 0th LL11,13 resulting in counterpropagating
spin polarized edge states.13 The latter model gives rise to a
dissipative QHE state, in which �xy is only approximately
quantized, and �xx is finite. Such a dissipative QHE state
would also be expected in spatially inhomogeneous
graphene, in which the 0th LL lies below or above the Fermi
level in electron or hole regions, respectively. The bulk then

FIG. 4. Longitudinal resistivity �xx as a function of magnetic
field B at a temperature of 300 K. �a� Open circles are experimental
data, dotted line is a fit to the two-fluid model �Eq. �1� in text� with

=0, dashed-dotted line is a fit to the two-fluid model with 

=0.4. The dashed line is a fit to the inhomogeneous model �Eq. �2�
in text�, and the solid line is a fit to the inhomogeneous model with
an additional parallel conductivity �Eq. �3� in text�, with �xx,1

=0.88e2 /h. In all fits, the zero-field resistivity �xx�0� and the low-
field curvature d2�xx�B� /dB2 are the same, determined by fits to the
experimental data at −0.2 T�B�0.2 T, as shown in �b�.
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would consist of incompressible electron and hole QHE
liquids, separated by regions in which the n=0 LL crosses
the Fermi level, i.e., fourfold degenerate edge states with
counterpropagating modes. From �=2.9 m2 /V s and
nexp

* =6.6�1014 cm−2, we estimate the scattering time
�=87 fs, and the LL broadening ��� /�=7.6 meV. For
B=8 T the spacing between the 0th and 1st LL is
�100 meV, the Zeeman energy is g�B=0.9 meV assuming
g=2. The average density nexp

* gives a LL filling factor v
=2 at B=1.4 T, and 0.34 at B=8 T. Of course, the maximum
density within the puddle must be greater than the average
density n*, and the QHE occurs over a broad range around
the quantized filling factor �for example, the v= +2 plateau
occurs from v=1.1–3.3�, so it is plausible that the puddles
could be in the v= 	2 QHE states. Recently the imaging of
electron and hole puddles in graphene was reported,24 and

the puddle diameter estimated to be �30 nm. We then expect
that quantum effects should be important when the magnetic
length is less than the puddle diameter, i.e., B�0.8 T, and
the temperature is less than EF�n*�, i.e., T�350 K. This is in
qualitative agreement with Fig. 2 where significant deviation
of �xx�B� from Eq. �3� occurs at temperatures T�100 K and
B�0.8 T, but since Ref. 10 is inadequate to predict the be-
havior in the quantum regime, more work is needed to un-
derstand the high-field low-temperature behavior near the
MCP.
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