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Josephson weak links: shunted-junction and mechanical-model results

P. K. Hansma* and G. I. Rochlin

Department of Physics, University of California, and Inorganic Materials Research Division,
Lawrence Berkeley Laboratory, Berkeley, California 94720

(Received 26 May 1972)

We have investigated two models of a superconducting weak link which give physical insight into the behavior of many
Josephson-effect devices. The first of these is a low-inductance oxide-barrier Josephson tunnel junction with an external
resistive shunt; the second is a mechanical analog—a driven damped pendulum. The externally shunted junction acts as

a generalized weak link in that, by adjusting its shunt resistance or critical supercurrent, it exactly replicates the dc
electrical characteristics of many widely different weak links. In fact, we can readily alter its characteristic while the
Junction is immersed in liquid helium simply by applying a smali external magnetic field of 1 Oe or less to decrease the
critical current. The mechanical analog, by enabling us to observe the instantaneous behavior of the phase, gives new
insight into the nonlinear properties of such weak links. The behavior of both models is governed by the second-order
nonlinear differential equation independently proposed by Stewart and McCumber. These models not only verify the
computer-generated solutions for weak links in detail, they give new physical insight into the underlying nonlinear

behavior.

I. INTRODUCTION

There has been a large amount of interest in Josephson
weak links because of their wide variety of existing and
potential applications. They have been used in precise
determination of fundamental constants.® They are being
used in high-~sensitivity magnetometers? and volt-
meters. ? They show great potential for use in sensitive
electromagnetic radiation detectors®* and as computer
elements. ° Because of their wide application, it is im-
portant to understand, in detail, their operation.

Stewart® and McCumber’ independently advanced a
theory to explain why the observed current-voltage
characteristics of one type of weak-link device [such as
a superconductor-insulator-superconductor (SIS) thin
evaporated film junction] differed so markedly from that
of other related devices (such as point contacts). They
proposed that the difference between the current-voltage
characteristics of many of these devices could be ex-
plained by analyzing them in terms of a lumped circuit
model that treated the distributed internal resistance and
capacitance of the device as a single resistor and a sin-
gle capacitor, both parallel with a hypothetical idealized
Josephson element having zero capacitance and an infi-
nite resistance to quasiparticle tunneling. This idealized
element is assumed to have only supercurrents flowing
in it, These ac and dc supercurrents obey Josephson’s
equations®

i=1i,sing (1a)

and

<%ﬁ> Vzéd% , (1b)

where i is the critical supercurrent, ¢ and V are the
pair phase difference and instantaneous voltage across
the element, respectively, and i is the instantaneous
supercurrent. Figure 1 shows McCumber’s and
Stewart’s theoretical results for the observed time-av-
eraged dc current-voltage characteristic of such a
lumped circuit model as a function of the dimensionless
parameter

B.=(2e/n)i (C/GY, 2)

which gives a normalized measure of the balance of in~
fluence of the capacitance C, shunt conductance G, and
critical supercurrent {, on the hysteresis, Using known
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junction parameters it is found, for example, that ideal
SIS thin-film junctions® are usually in the 8,= « limit,
small superconductor —normal-metal—superconductor
(SNS) junctions'® in the 8,20 limit, and point contacts!
in the range 0 < B, <10. To be precise, McCumber’s and
Stewart’s theories are strictly applicable only for an
ideal constant-current driving source,®” and our analogs
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FIG. 1. (a) McCumber’s theoretical results for current vs
time-averaged voltage of a weak link as a function of the di~
mensionless circuit parameter 8. (b} Stewart’s theoretical
results. In his original paper, Stewart labeled his curves with
his own dimensionless parameter w,T=(8,)1/2.
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FIG. 2. An externally shunted Josephson junction of the type
used in our experiments. The outer two of the three SIS
Josephson junctions formed at the intersections of the tin films
have rectangles of silver evaporated directly over them. These
silver rectangles form Sn-insulator-Ag quasiparticle tunneling
junctions where they overlap the bottom tin strip on either side
of the SIS Josephson junctions. Thus, the outer two SIS
Josephson junctions are shunted by Sn-insulator-Ag quasi-
particle tunneling junctions.

were similarly driven. The effect of driving with a
source whose resistance is comparable to the shunt re-
sistance will be discussed in Sec. IVB,

Our first construction to verify the circuit model on
which the theory is based was generalized weak link, 2
This was constructed by modifying a conventional SIS
evaporated film junction with an external resistive shunt
in parallel with the junction as shown in Fig. 2, The
shunting is through the Ag-SnO-Sn quasiparticle tunnel-
ing junction adjacent to the Sn-SnO-Sn Josephson junc-
tions. By placing the shunts this close to the junctions,
we minimize the loop inductance between the junction
and the shunt that prevented detailed comparison with
theory for some earlier geometries. !® With these
shunts, the resistance that appears in the lumped-cir-
cuit model of the junction is no longer simply the
Josephson-junction quasiparticle tunneling resistance,
but rather the parallel combination of the Josephson-
junction quasiparticle tunneling resistance and the resis-
tance of the shunt. We were able to investigate large
ranges of B, for each shunted junction since g, can be
easily changes, while the junctions are in the Dewar, by
applying a small magnetic field (0 to 1 Qe).

For our mechanical-model experiments we used a me-
chanical analog of the type developed by Sullivan and
Zimmerman, ** This device, described more fully in
Sec. III, is shown in Fig. 3. The angular displacement
of the mechanical system has the same equation of mo-
tion as the phase difference across a Josephson weak
link; the mechanical analog of a constant current source
is the constant torque eddy-current drive as shown in
Fig. 3. This model is not only a great aid to the intui-
tion, but also can be used quantitatively to generate plots
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of torque vs time-averaged rate of rotation which are
analogs of junction current-voltage characteristics.

{l. EXTERNALLY SHUNTED JOSEPHSON JUNCTION
A. Theory

A lumped-circuit model for a generalized Josephson
weak link is shown in Fig. 4. The total current [ is the
sum of three terms: (i) the current through the capaci-
tor, C{dv/dt), where C is the capacitance and V is the
voltage across the circuit; (i) the current through the
resistor, GV, where G is its conductance; and (iii) the
Josephson supercurrent, {_ sing, where ¢, is the critical
current and ¢ is the difference in the phase of the super-
conducting wave function across the junction. That is

(b)

FIG. 3. (a) The mechanical analog of a capacitative weak link,
The small dc motor drives a magnet-studded thick disk. This
is the constant torque analog of a constant current source. (b)
Another view of the mechanical analog, showing the pair of
masses used as pendulum bobs. By varying the difference in
mass while keeping the sum constant we would vary the effec~
tive pendulum mass without altering the moment of inertia
(ef. Ref. 17).
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FIG. 4. The equivalent circuit for a noninductive weak link
driven by a constant current source. The Josephson element is
assumed to pass only ac or dc supercurrent.

I:C%+GV+icsin¢. (3)
In writing this equation we have used only elementary
circuit theory and the de equation. By using the ac

Josephson equation we can eliminate the voltage, thus
obtaining the equation

_Chd?¢  Ghd¢ , . .
I= % dt2+ % dt+zcs1n¢. @)

This equation can be reduced to dimensionless form by
dividing through by the critical current and substituting
a dimensionless time 7= (2¢/#)(;,/G)t. The resulting
equation is

I, f . ds,
ic_ﬁc St tsing, (5)

where B8, is the dimensionless circuit parameter defined
in Eq. (2).

This equation can be solved for the time-averaged volt-
age,

= (a0) (&), () (&), ®

as a function of the current I. Computer-generated solu-
tions for various values of 8, are shown in Fig. 1. The
main difference between the solutions for different
values of 8, is in the amount of hysteresis in the /-V
characteristic, that is, the range of current over which
there is both a zero-bias and a finite-bias solution. Fol-
lowing McCumber, we can define a hysteresis parame-
ter, a, as the ratio of the minimum current as the volt-
age goes to zero to the critical supercurrent. Thus «
ranges from unity in the case of no hysteresis (low 5,)
to zero in the case of maximum hysteresis (high Bc).
Figure 5 shows McCumber’s results from solving Eq.
(5) for « as a function of 8,

Again, we must emphasize that these results are valid
in the regime where there is no appreciable inductance
and for an ideal constant-current drive. That this is in-
deed the case for these junctions is supported not only
by our calculation of junction parameters, but by the
shape of the current-voltage trace.

B. Experimental methods

Our techniques for making and measuring the electrical
characteristics of Sn-SnO-Sn junctions have been de-
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scribed in detail elsewhere. * Consequently, we will
simply discuss our shunting technique and briefly re-
view our measurement methods,

Completed Sn-SnO-Sn junctions were shunted by evap-
orating a small Ag rectangle directly on top of them.
These Ag rectangles completely covered the junctions
and extended slightly beyond them (=0.1 mm) on either
side to form Ag-SnO-Sn quasiparticle tunneling junc-
tions which contributed to the shunt resistance. Because
the shunting was through quasiparticle junctions, data
for comparison with the theory could be taken only at
temperatures near enough to T, so that the quasiparticle
conductance was linear over the range of voltage bias
studied. For device applications this limitation does not
apply.

The tunnel junction I-V characteristics were displayed
on an x-ray oscilloscope or a chart recorder by sweep-
ing the junction with a constant-current sawtooth sup-
plied by a function generator in series with a large re-
sistor (> 1000 times the sample resistance). In addition,
we used the I-V traces to plot an a-vs-g, curve, We
varied B, by changing ¢, with magnetic field or tempera-
ture [recall 8,= (2¢/%)i,(C/G?)]. For each value of i, an
I-V trace was taken, From these traces, we could mea-~
sure i, G, and « directly. A fitting capacitance, C’,
was determined by fitting one point @sually the point of
largest ,) on the B,-vs-a curve. Then, using this value

1000

100

0.l L 1 i 1

FIG. 5. McCumber’s theoretical result for the hysteresis
parameter « as a function of the circuit parameter 8, for the
circuit shown in Fig. 4.
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FIG. 6. Experimental results for the voltage vs current of an
externally shunted Josephson junction of the type shown in Fig.
2 as a function of the dimensionless circuit parameter B,

of capacitance, we could evaluate 8, from ¢, for all of the
other photographs and plot 8, vs o as a series of points,
each point corresponding to one photograph. The effect
of varying C’ is to move all the experimental points uni-
formly up or down since B, is plotted on a log axis (see
Figs. 5, T, and 9). Thus, data from each sample were
fitted to the theoretical curve with the single adjustable
parameter, C’. This fitting capacitance could be com-
pared to our estimates of the actual junction capacitance
determined from independent estimates. !2 For these
low-inductance shunted junctions we find reasonable
agreement between estimated junction capacitances and
those determined by the fit of B, to a.

C. Experimental results

The Josephson junctions of Fig. 2 are shunted by the Sn-
insulator-~Ag quasiparticle tunneling junctions formed by
the overlap of the Ag rectangle and the bottom Sn elec-
trode. Because the shunting was through quasiparticle
junctions, data could be taken only at temperatures near
enough to 7, so that the quasiparticle conductance was
linear over the range of voltage bias studied, At lower
temperatures the quasiparticle conductance was nonlin-
ear and the voltage-independent conductance G of the
simple theory must be replaced by a voltage-dependent
conductance G(V). %1% Experimentally, temperatures
greater than or equal to 3.3 K gave a linear conductance
to within a few percent from 0 to 100 uV,

Figure 6 shows some experimental I-V characteristics
obtained from a junction of this geometry. They are in
good agreement with the theoretical results shown in
Fig. 1. Figure 7 shows a B,-vs-a plot; the solid line is
the theory (Fig. 5). As described in Sec. II B, the ca-
pacitance was used as a fitting parameter, This fitting
capacitance cannot, however, be equated to the Joseph-
son-junction capacitance alone because of the additional
contributions from the Sn-insulator-Ag junctions used
for shunting. We can, however, note that the fitting ca-
pacitance is indeed larger, ~800 pF, than the Joseph-
son-junction capacitance alone, 500—600 pF. 2
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Thus the fact that the shunting was by means of quasi-
particle tunneling junctions complicated the experiment
in several ways. If, however, the quasiparticle junctions
were eliminated by evaporating the silver rectangle
undey the Josephson junction then SNS junctions, with
critical currents comparable to the Josephson-junction’s
critical current, were formed directly at either side of
the Josephson junction. These SNS junctions eliminated
the possibility of any quantitative measurements in the
same way as microshorts or other superconducting
shunts. Not only do they contribute an additional term to
the observed supercurrent, they complicate the depen-
dence of the supercurrent on magnetic field. As our
primary means of modifying 8, is to suppress i, by a
small magnetic field (0 <H <1 Qe), the presence of such
supershorts makes it nearly impossible to determine 8,
in a consistent manner. This is, of course, a more
serious drawback to our attempt to verify the theory
than it is to developing devices for other applications.

i, MECHANICAL MODEL

A. Theory

Consider a driven damped simple pendulum, where m is
the mass of the bob, g is the acceleration due to gravity,
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FIG. 7. Experimental results for the hysteresis parameter «
as a function of 8, for a junction of the type shown in Fig. 2. 3,
was varied by decreasing the critical current 4, with a small
magnetic field. This field varied from zero for the uppermost
point to &1 Oe for the lowest point.
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TABLE I. Mechanical analogs to electrical parameters.

Electrical system

Mechanical system

¢ = difference in phase of superconducting wave function
across Josephson junction.

Z—f = (2—;>V= (voltage) <2~;)

{, = maximum Josephson supercurrent

I =externally supplied current

13 _ . 7
(E)C = (capacitance) <2e)

[ _ 13
(2 e) G= (conductance)( ﬁ)

6 = angle measured in direction of applied torque from
vertically downward to pendulum bob,

d
d~f , the angular frequency
mgl =maximum torque from pendulum bob

T, =externally supplied torque from eddy-current drive

M, where M is the moment of inertia of the disk plus
pendulum bob

D, where D is the damping coefficient of the eddy-
current damping [damping torque = D(d8/dt)]

1 is the length of the pendulum, and ¢ is the angle of the
bob from vertical. The fundamental equation for the an-
gular displacement is T=M(d?6/d#), torque equal mo-
ment of inertia times angular acceleration. The total
torque has three components: (i) the applied torque, T;
(ii) the opposing torque from the pendulum bob, - mgl!
sin@; (iii) the opposing torque from the magnetic damp-
ing, —D(d8/dt), where D is the damping coefficient.
Thus the fundamental equation is

. as_  d&%e Q)
7:1-n'zglsm(?--Dd’!—Mdt2 .

By rearranging the terms we obtain

2
&8, do

+ iné .
dt2+ 5 mgl sinb (8)

T,=M

Note the exact analogy between the equation for the elec-
trical model, Eq. (4), and this equation for the mechan-
ical model. The mechanical analogies to the electrical
parameters are listed in Table I. For the Josephson
weak link we are most interested in the time-averaged
voltage, (V),= (i/2e)d/dl), as a function of applied
current. By analogy, for the mechanical model we are
most interested in the time-averaged rate of rotation,
(d6/dt)y, as a function of applied torque.

In addition the mechanical model allows us to study the
nonlinearities of the motion. It slows down the charac-
teristic periods from on the order of 10™° to 1 sec.
Furthermore, we are able to acquire a better physical
intuition from the behavior of this mechanical system
than from the electrical system.'® In particular, the
pair phase difference ¢ becomes directly observable as
the angle 6 of the pendulum bob from vertical. Thus the
model clearly illustrates the extremely complex non-
linear behavior of both ¢ and d¢/d¢ with time, By
studying the motion of the mechanical model, we gain
great insight into the behavior of a Josephson weak link.

B. Experimental methods

Figure 3 shows the driven damped pendulum used for
our experiments. It consists of two aluminum disks
joined by a rigid rod. The larger disk has a pair of pen-
dulum bobs fastened symmetrically a distance / from
the center. We made five pairs of pendulum bobs with
the same total weight, but different weight distribution.

Thus, we could change the effective pendulum bob mass
m (the difference in mass between the weights) without
changing the moment of inertia of the system. Adjacent
to the larger disk is a thick disk, studded with perma-
nent magnets which is driven at high speed by a small dc
motor with variable speed control. The smaller disk
passes through the gap of a large magnetron magnet for
eddy-current damping, The eddy-current drive is con-
stant torque (the analog of constant current) so long as
the large disk turns at an angular velocity which is
small compared to the angular velocity of the drive
wheel. The eddy-current damping is correctly propor-
tional to d6/dt, and air and bearing friction are mini-
mized by good bearings and low velocities.

We can readily measure all of the necessary mechanical
parameters. The masses can be measured with a bal~
ance. The ratios of the two other parameters, D and M,
to a particular mass can be measured with simple ex-
periments. To measure D/mgl, we first adjust the
speed of the motorized eddy-current drive until the
torque exactly equals mgl. This is done by adjusting the
motor speed until the pendulum bob remains stationary
at §=90° Then the pendulum bob is removed and the
equilibrium rate of rotation when driven by this torque
is measured with a stop watch. If the measured time for
one complete rotation is ¢,, then we have mgl =D(21/t,).
Hence the desired ratio D/mgl is equal to ¢,/27.

To then measure M/mgl, we remove the damping mag-
net, turn the model so that the disks are horizontal, and
then reattach the pendulum bob. We measure the time,
t,, for the same applied torque as in the previous ex-
periment to move the disks from rest through one com-
plete revolution. Thus mgl =2M(27/¢:) and our desired
ratio is 2/4m.

To obtain I-vs-V curves we can measure the equilibrium
rate of rotation with a stop watch as function of applied
torque.

C. Experimental results

As discussed above, the mechanical-model results for
the average rate of rotation as a function of applied
torque should be identical to the electrical results for
average voltage as a function of current. Figure 8 shows
mechanical-model results that can be compared to the
theoretical and electrical results shown in Figs. 1 and
6.

J. Appl. Phys., Vol. 43, No. 11, November 1972
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FIG. 8. Experimental results for the mechanical model shown
in Fig. 3. This average angular velocity vs torque plot is
analogous to the average voltage vs current plot of Fig. 6

(see Table 1),

Figure 9 shows experimental results for 8,=mgl(M/D?)
vs ¢, Here a is a hysteresis parameter, defined as

the ratio of the minimum torque for which there is a
rotating solution to the critical torque mgl, in exact an-
alogy to the definition of a for the electrical system. We
varied » and used M’ as a fitting parameter, again in
exact analogy to our experimental method for shunted
junctions. !’ We could compare the fitting moment of in-
ertia M’, to the actual moment of inertia, M, measured
using simple experiments such as discussed above. The
ratio of M’ to M was 1.1, which is within the experi-
mental error of measurement of M, The solid line gives
the theoretical result obtained by McCumber trans-
formed via Table I to solve the equation of motion for the
mechanical model.

It is much more satisfactory, of course, to actually see
the mechanical model in operation than to read a written
description of the motion. '* Nevertheless, some of the
characteristics can be readily described. For example,
in the limit of low B, the moment of inertia is small
enough relative to the damping that the total torque must
be positive for all angles 6 in order to have a rotating
solution; there is not enough kinetic energy to carry the
pendulum bob through regions of negative torque. Con-
sequently, there is only a rotating solution when the ap-
plied torque 7, exceeds the critical torque mgl. Thus
there is no hysteresis in the I-vs-V curve; there is no
rotating solution at torques below the critical torque
mgl. Furthermore the large “time-averaged supercur-
rents” for Izi_ are obvious. The pendulum bob spends
most of the time in the region of minimum total torque
centered around 6= +90° It passes rapidly through the
region of negative 8, since there the applied torque and
the torque from the pendulum add.

As B, increases, the kinetic energy becomes great
enough to carry the pendulum bob through regions of
negative torque. Thus there is a rotating solution for
applied torques less than the critical torque; there is
hysteresis in the I-vs-V curve. In the limit of very
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large B, there will be a rotating solution as long as the
integrated torque from the eddy-current drive plus pen-
dulum bob is positive. The bob will travel most slowly
near 6=180° the position in which it has received the
maximum negative integrated torque. In the limit of low
rotation rates we have the familiar situation of a pendu-
lum barely making it over the top. At higher rotation
rates the large moment of inertia causes the motion to
be nearly uniform. Thus there is never any time-aver-
aged supercurrent and hysteresis is complete.

1V. FINITE INDUCTANCE AND
LESS-THAN-CONSTANT CURRENT SOURCES

A. Inductance

The theoretical and experimental complication of intro-
ducing a finite inductance into these several models has
been discussed elsewhere,'® For the mechanical model,
inductance can be introduced by using a flexible rod or
torsion bar to drive the damping disk. This replaces the
solid coupling rod shown in Fig. 3. For the shunted
junctions, appreciable series inductance can be created
by depositing a strip shunt diagonally across the strips,
forming a small open hole or loop whose inductance
gives an appreciable reactance at frequencies of inter-
est. Whether driven from a constant-current source or
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FIG. 9. Experimental results for the mechanical model shown
in Fig. 3. The B,-vs-a plot is analogous to the B,-vs-a plot of
Fig. 7. For this model f,=mgIM/D?, while o was determined
as described in Sec. IIIB.
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not, a shunted junction or weak link may present a very
steep load line to the Josephson element due to the low
shunt resistance. If the inductive impedance becomes
high enough, the stabilizing effect of the shunt resis-
tance is much diminished at high instantaneous angular
velocities, i.e., the junction is blocked from the shunt
damping. This can lead to instabilities!® in the rotational
{finite voltage) solution, and as a result a variety of sit-
uations may occur in which an abrupt transition occurs
to the stationary (zero-voltage) solution from a finite ro-
tational frequency (finite dc voltage). In the purely ca-
pacitive case, the dc voltage can be reduced to an arbi-
trarily small value, corresponding to extremely slow
rotational solutions; such discontinuous transitions as
occur are triggered by noise and are due to the extreme-
Iy small energy difference between the two solutions as
the voltage approaches zero, In any case, as the I~V
characteristic is almost flat at this point, and as we are
using a constant-current source, this region is tra-
versed so quickly in time that these situations are ob-
servationally indistinguishable. In all cases studied
here, we were in the purely capacitive limit, as veri-
fied by model calculations and experimental observa-
tions, and no correction for finite inductance is
necessary

B. Less-than-constant current sources

The extension of the purely capacitive case to include
finite source impedance'®?° is relatively trivial. The
source may be treated as a constant~current generator

in parallel with a resistor equal to the source impedance.

Neglecting lead resistance and inductance, the current
drawn from the generator as a function of the voltage
output will be exactly given by the McCumber-Stewart
calculations. However, in this case, the ammeter will
be inserted between the shunt resistance and the source
resistance, so the observed current-voltage character-
istic will deviate from the theory. If the source resis-
tance is known, it is quite simple to may the McCumber-
Stewart theory into the observed characteristic. For low
enough source impedances, the observed current may
decrease for small increasing biases, leading to a “neg-
ative resistance” region on the I-V plot. In a physical
situation, however, the finite resistance and inductance
of the leads will render the problem somewhat more
difficult. ® In particular, appreciable lead inductance
will result in differing dc and ac shunt impedance and a
somewhat more elaborate calculation of the resulting
characteristic will be necessary. In our experiments,
however, the source impedance was kept so high (> 100
time the shunt resistance) that such effects can be ne-
glected. Although a very slight negative resistance re-~
gion might be created, it will occur in the flat region
very near zero voltage where, as discussed in Sec. IVA,
an abrupt transition is almost indistinguishable from
theoretical predications.

V. SUMMARY

The investigation of two models of a Josephson weak
link has enabled us to gain new insight into the proper-
ties of such links. For the case of low-device inductance
and a constant-current source, both models indicate
that the theory of McCumber and Stewart provides a
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complete description of weak-link behavior. Moreover,
any device which behaves according to the predictions of
this theory can be assumed to be analyzable by an equiv-
alent circuit similar to the one discussed here, This
circuit can then be used to exactly predict the ac and dc
response of the device with the only difficult parameter
to measure, the device capacitance, determined by a fit
of avs 3,

The use of such models, especially the mechanical one,
is highly recommended for researchers in this area, It
readily provides a simple visual impression of highly
complex behavior and gives one a degree of physical in-
tuition for the Josephson mechanism not easily acquired
by other means,!®
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