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Theoretical Dynamics with Dr. Tom Cohen



Prob. Set #1
Jose & Salatan 2.11

A wire is bent into the shape given by y = Alz"™|,n > 2 and oriented vertically, opening upward, in a
uniform gravitational field g. The wire rotates at a constant angular velocity w about the y axis, and a
bead of mass m is free to slide on it without friction.

(a) Find the equilibrium height of the bead on the wire. Consider especially the case n=2.

Equilibrium height occurs when the bead is at rest and its acceleration (second derivative wrt position) is
zero. We know that in a non-rotating situation there is a stable equilibrium point at the bottom of the
wire, so we can measure potential energy from there.

Constraint f; =y — Alz"| =0

The potential V(y) = mgy = mgA|z™|

The kinetic energy T(z,y) = $mov® = im(2? + ¢ + 22w?) where v} (aroundz) = re = zuw.
But § = An|z" |z — ¢? = A%n?|2%(—D)|32

Because we can write the potential in terms of x, we can impose the constraint directly with our choice of
variables and write the Lagrangian only in terms of x and .

L(z,©) =T — V = im(2? + A%n?|22 |32 + 2%0?) — mgA|z|

oL = mw?z +mA® 2(n 1)|z2—D-1|32 — mgAn|z™ |

9L — mi + mA%n?|z2-D|¢

5%

40L — miz(1 4+ APn2|g2-D) + mA22(n — 1)|g2r-D-1|32
oL d 8L

5 —dioz =0

mw?z +mA*n?(n—1)|22 0112 - mgAn|z™ | — mE(1 + A%n?|z2 D) |) —mAZn22(n—1)|z2 D132 = 0

Simplifving,

F= '"'2r_gAn'x;;LX;:;zzT:ég__ll))lla)cm_l)_lIiz This is a sloppy EOM.

To find the equilibrium points, let £ = 0 and set the acceleration to zero

o wir—gAnje™Tl]
I = Tty = 0

The equilibria occur when the numerator vanishes, that is when w?z = gAn|z"!|.

Generally speaking, the equilibrium height is given by Iw"—ll L— for n > 0.

In the case of n=2, the equilibrium height isat y =z =0 " -or- at ANY h
w? =294

Find the frequency of small vibrations about the equilibrium position.
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